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Dimensions  and  Sectional  Properties: 

A  **  'total  area  of  cross  section  1 

85  area  of  each  flange 
=  width  of  the-tear-  JL^cK 
=  torsion  constant 
88  warping  constant 

=  constant  depending  upon  cross  sectional  properties,  see 
Eq.(l0.4) 

=  height  between  the  centerlines  of  the  flanges 

-  moment  of  inertia  of  each  flange  about  y— axis 
“  Polar  moment  of  inertia  of  the  cross  section 

-  fourth  moment  of  inertia  about  the  shear  center,  see  Eq.(l0.5) 

~  Polar  moment  of  inertia  about  the  shear  center 

1 

k  -  numerical  shape  factor  for  croee  section 

I*  =  length  of  the  beam 

=  thickness  of  each  flange 
*w  =  thickness  of  the  web 

S0  ~  statical  moment  with  respect  to  neutral  axis 
z  =  displacement  along  the  length  of  the  bar 
* 

Material  Proportion: 

E  =  Young’s  modulus 

Ezz  “  modulus  for  extension-compression  along  the  axis  of  the  bar 
G  =  shear  modulus 
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4i  -z 


“  shear  modulus  of  orthotropio  material 
«  foundation  modulus  in  torsion 
r'  -  mass  density  of  the  material  of  the  beam 
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0* 


-  moment  in  each  flange 

-  net  bending  moment  in  the  cross  section 
=  axial  compressive  load 

=  torsional  buckling  load 
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=  external  viscous  force  per  unit  length  acting  along  the 
sides  of  the  flanges  opposing  warping 
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"  external  torque  per  unit  length  of  the  beam 
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-  normal  function  of  0 

-  contribution  of  shear  strain  to  the  angle  of  twist 
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=  warping  angle 

=  normal  function  of  ‘‘w  < 
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Stresses  _and  Strains : 

■^x*  y*  '"  a  ~  stresses  in  x,  y  and  z  directions  respectively 

I  zx  ~  ^^^timum  shear  stress  in  flange  bending 
®gh.  ~  shear  strain  at  the  center  of  the  flange,  x®© 
ez  =  2-component  of  strain 


Inergiea  and  Matrices: 

transformation  matrix  for  displacements  whose  elements 
are  functions  of  x,  y  and  z 
a  transformation  matrix  giving  the  strains  in  terms  of 
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5  »  matrix  of  material  constants 

E  «*  total  load  matrix 
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rn  =  ratios  of  eigen  values  (n=l  to  4) 


=  EIf/K  =  shear  parameter 
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Miscellaneous : 


cQ  =  bar  velocity  =  (EBa/  p 

Cg  -  shear  wave  velocity  =  (&Z3/  P 

°p  33  phase  velocity  for  torsional  waves 


i  =  lf-1 

n  =  mode  number 

N  =  Number  of  segments  into  which  the  beam  is  subd evicted 

Pn  =*  natural  frequency  of  vibration  in  radlous  per  unit  time, 

t  =*  time 

f 

T  =  linear  period  of  toreionaf_  vibration 

w- 

T  =  non-linear  period  of  torsional  vibration 
X  -  normal  function  giving  the  shape  of  mode  of  vibration 

&nt  an,  Pn=  positive  real  quantities  (n~lf2, 3) 

P  =  torsional  amplitude  in  non-linear  analysis 

-  torsional  damping  constant 
Pw  =  warping  damping  constant 

Yn  "  torsional  excitation  function 
.  * 

k  =  a  function  of  time  in  non-linear  analysis 
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0  =  error  function 

*5  =s  variational  operator 


VUI  ■ - 


■ABSTRACT 

This  thesis  presents  some  analytical  studies  of  linear  and 
non-linear  torsional  vibrations  and  stability  of  uniform  thin- 
walled  beams  of  open  section  resting  on  continuous  elastic  foun¬ 
dation  subjected  to  a  time -Invariant  axial  compressive  load  in¬ 
cluding  the  effects  of  longitudinal  inertia  and  shear  deformation. 

Based  on  the  Timashenko  torsion  theory,  the  problem  of  linear 
torsional  vibrations  and  stability  of  uniform  lengthy  thin-walled 
beams  of  open  section  resting  on  continuous  elastic  foundation 
subjected  to  a  time -Invariant  axial  compressive  load  is  analyzed 
exactly  by  using  the  method  of  separation  of  variables.  The  fre¬ 
quency  or  buckling  load  and  normal  mode  equations  are  derived  for 
various  end  conditions.  Approximate  expressions  are  derived  for 
the  torsional  frequency  and  buckling  loads  using  Galerkin's  tech¬ 
nique.  The  results  presented  for  some  typical  boundary  conditions 
reveal  that  for  lower  modes ,  the  increase  in  the  foundation  para¬ 
meter  increases  the  frequency  parameter  significantly  and  the  - 
increase  in  the  axial  load  parameter  decreases  the  frequency  para¬ 
meter  considerably.  The  combined  influence  of  axial  load  and 
foundation  parameters  is  observed  to  be  the  superimpogition  of 
the  individual  effects  on  the  frequency  of  vibration. 

Finite  element  formulation  of  the  problem  of  free  torsional 
vibrations  of  thin-walled  beams  of  open  section  resting  on  con-* 
tinuous  elastic  foundation  is  also  presented.  The  stiffness  and 
consistent  mass  matrices  are  derived  and  the  eigen  value  problem 


la  formulated.  She  eigen  values  obtained  by  finite-element 
method  compared  favourably  well  with  the  exact  values  even  for 
a  coarse  subdivision  of  the  beam  into  six  elements.  A  digital 
computer  programme  is  written  for  obtaining  the  results  for  the 
frequency  parameter  for  various  boundary  conditions* 

As  the  corrections  due  to  second  order  effects  may  be  of 
importance  if  the  effect  of  cross  sectional  dimensions  on  fre¬ 
quencies  of  vibration  are  desired,  an  exact  analysis  is  presen¬ 
ted  for  free  toraional  vibrations  of  short  thin-walled  beams  of 
open  section  including  the  effects  of  longitudinal  inertia  and 
shear  deformation.  New  frequency  and  normal  mode  equations  are 
derived  for  six  common  types  of  simple  and  finite  beams.  Solu¬ 
tions  of  the  frequency  equations  for  some  typical  boundary  con¬ 
ditions  are  obtained  on  a  digital  computer.  The  individual 
effects  of  longitudinal  inertia  and  shear  deformation  on  the 
torsional  frequencies  of  a  simply  supported  beam  are  shown  gra¬ 
phically.  The  torsional  frequency  values  and  the  modifying 
quotients  for  the  first  four  modes  of  vibration  for  some  typical 

boundary  conditions  are  presented  in  tabular  form  suitable  for 

CVy 

design  use  ;A  showing  the  combined  effects  of  longitudinal  inertia 
and  shear  deformation*  Approximate  frequency  equations  for  some 
typical  end  conditions  are  obtained  using  Galerkin's  technique* 

It  is  observed  that  the  effect  of  shear  deformation  is  to  dec¬ 
rease  the  stiffness  of  the  beam  and  thus  results  in  corresponding 

■ 

decrease  of  natural  frequencies  *  The  decrease  is  relatively 
small  compared  to  the  increase  due  to  warping*  however,  the  impor 
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tance  of  shear  deformation  appears  when  higher  frequencies 
are  considered  * 

A  finite-element  formulation  of  the  problem  of  free-tor¬ 
sional  vibrations  of  short  thin-walled  beams  of  open  section 
including  the  effeots  of  longitudinal  inertia  and  shear  defor¬ 


mation  is  also  presented.  The  corresponding  stiffness  and  mass 
matrices  including  these  second  order  effects  are  derived.  The 
eigen  values  obtained  by  the  finite  element  method  compared 
very  well  with  the  exact  values  even  for  a  coarse  sub-division 
of  the  beam  into  three  elements.  A  digital  computer  programme 
is  written  for  obtaining  the  results  for  the  frequencies  and 
mode  shapes  for  various  end  conditions. 

The  problem  of  forced  torsional  vibrations  of  thin-walled 
beams  of  open  section  is  studied  including  the  effects  of  longi¬ 
tudinal  inertia  and  shear  deformation.  Viscous  damping  forces 
arising  separately  from  torsional  and  warping  velocities  are  in- 
oludod.  The  two  ooupled,  fundamental  equations  of  motion  are 
formulated  in  terms  of  angle  of  twist  and  warping  angle.  The 
method  of  solution  is  demonstrated  for  arbitrary  external  tor¬ 
que  for  the  beam  having  both  ends  simply-supported.  Numerical 
results  are  presented  for  the  case  when  the  torque  is  uniform 
over  the  span  and  varies  sinusoidally  in  time.  Amplitude  res¬ 
ponse  is  plotted  against  torsional  excitation  frequency  for  vary¬ 
ing  amounts  of  torsional  and  warping  damping  and  is  compared  to 
the  response  for  the  classic  beam  for  the  first  five  symmetric 
mode  shapes.  The  amplitudes  for  the fliin-walled  beam  including 


shear  deformation  and  longitudinal  inertia  are  found  to  be  con¬ 
siderably  larger. 

As  the  increased  utilization  of  composite  materials  in 

structural  applications  has  made  their  analysis  ever  more  impor- 

/ 

taut,  the  problem  of  torsional  wave  propagation  in  orthotropic 
thin-walled  beams  of  open  section  including  longitudinal  inertia 
and  shear  deformation  is  solved.  The  equation  for  free  torsional 

vibrations  of  thin-walled  beams  of  open  section  of  orthotropic 

1 

material  including  the  effects  of  longitudinal  inertia  and  shear 
deformation  is  established  analogous  to  that  for  isotropic  mate¬ 
rials.  Many  fiber— reinforced  plastics  and  pyrolytic— graphite 
type  materials  whioh  are  mostly  in  use,  are  orthotropio  or  trans¬ 
versely  isotropic  in  the  sense  that  the  ratio  of  in-plane  modulus 
of  elasticity  to  shear  modulus  is  large.  It  is  shown  that,  for 
these  materials,  the  corrections  due  to  longitudinal  inertia  and 
shear  deformation  may  be  of  one  order  of  magnitude  greater  than 
the  corrections  in  the  isotropic  case.  Graphs  are  given  of  the 
phase  velocity  versus  inverse  wavelength  for  various  aspect  ra¬ 
tios  of  beams  of  different  materials. 

The  problem  of  torsional  vibrations  and  stability  of  short 
thin-walled  beams  of  open  section  resting  on  continuous  elastic 
foundation  and  subjected  to  an  axial  compressive  load  including 
the  effeots  of  longitudinal  inertia  and  shear  deformation  is 
solved  by  moans  of  an  exact  analysis.  Results  for  buokling  loads 
for  various  boundary 'conditions  are  presented  in  tabular  form 


showing  the  effects  of  shear  deformation.  The  values  of  tor¬ 
sional  frequency  parameter  for  the  first  four  modes  of  vibra¬ 
tion  for  various  boundary  conditions  and  non-dimensional  para¬ 
meters  are  presented  in  tabular  form  suitable  for  design  use. 
ThiB  problem  Is  also  solved  by  means  of  finite-element  method 
and  an  excellent  agreement  is  observed  between,  the  results  from 
exact  analysis  and  those  from  the  finite-element  method. 

It  is  very  well  known  that  a  large  number  of  problems  of 
torsional  vibrations  and  stability  of  thin-walled  beams  arising 
in  modern  high  speed  aircraft  structures,  missiles  and  launch¬ 
ing  vehicles  cannot  be  adequately  explained  by  the  classical 
linear  theories  alone,  since  the  torsional  deformations  of  these 
beams  are  usually  of  such  a  magnitude  that  the  assumption  of 
small  rotations  of  cross  sections  will  no  longer  be  valid. 

In  view  of  this,  an  attempt  has  been  made  further  in  this 
thesis  to  derive  and  solve  the  governing  differential  equation 
of  large  amplitude  torsional  stability  of  lengthy  thin-walled 
beams  of  open  section  resting  on  continuous  elaetio  foundation. 
Graphs  indicating  the  combined  influence  of  large  amplitude  and 
foundation  parameter  on  the  torsional  post-buckling  loads  for 
simply  supported  and  clamped  beams  are  presented.  Including  the 
effects  of  axial  compressive  load  and  elastic  foundation,  the 
problem  of  non-linear  torsional  vibration  and  post-buckling  be¬ 
havior  of  thln-walled  beams  resting  on  continuous  elastic  foun¬ 
dation  is  also  investigated. 
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32.  Table  8.12  Combined  effects  of  axial  compressive 

load  and  elastic  foundation  in  combina¬ 
tion  with  the  longitudinal  inertia  and 
shear  deformation  on  the  first  and  se¬ 
cond  mode  torsional  frequencies  {first 
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set)  of  clamp ed-clsmped  abort  thin-walled 
beiunp  (K  -  0.01,  a  -  Ed).  ..2 GO 

33.  Table  8.13  Combined  effects  of  axial  compressive 


load  and  elastic  foundation  in  combina¬ 
tion  with  longitudinal  inertia  and  nlmar 
deformation  on  the  third  and  fourth  mode 
torsional  frequencies  (first  set)  of 
clamped-olamped  short  thin-walled  beams 

(K  =  0.01,  s  =  2d). 

34.  Table  8.14  Effects  of  axial  compressive  load,  elas¬ 

tic  foundation  and  warping  In  combination 
with  longitudinal  inertia  and  shear  defor¬ 
mation  on  the  first  four  torsional  frequen¬ 
cies  (first  set)  of  simply  supported  thin- 
walled  beams  (s  »  0.10,  d  -  0.06). 

35.  Table  8.15  Effects  of  axial  compressive  load,  ela- 
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stic  foundation  and  warping  in  combina¬ 
tion  with  longitudinal  inertia  and  shear 
deformation  on  the  first  four  torsional 
frequencies  first  set)  of  e lamps d-s imply 
supported  short  thin-walled  beams 
(s  0.10,  d  =  0.05).  2G3 

36.  Table  8.16  Effects  of  axial  compressive  load,  ela¬ 
stic  foundation  and  warping  In  combina¬ 
tion  with  longitudinal  inertia  and  shear 
deformation  on  the  first  four  torsional 
frequencies  (first  set)  of  clamp ed-clamped 
short  thin  walled  beams (e  «  0.10  and  d=0.05).2QQ 


-  ■.  XX  V  I  - 


37.  Table  9.1  Comparison  of  first  eat  of  values  of 

£  n 

A  for  various  values  of  ^  and  o 
from  the  Finite  Element  method  and  those 
from  exact  analysis  given  in  Chapter  VIII 
for  a  simply  supported  beam  (K  »  1.541, 
s  “  0.046,  d  =  0.083 ) . 

38.  Table  9.2  Comparison  of  second  set  of  values  of 

A2  for  various  values  of  A  and'?  from 
the  Finite  Element  method  and  those  from 
e*act  analysis  given  in  Chapter  VIII  for 
a  a imply  supported  beam  (K  a  1.541, 
s  =  0.046,  d  =  0.023). 
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U.  samsm.; 

Jji  an  effort  to  gave  weighty  till  retain  ihg  high  strength 
capabilities)  many  contemporary  structural  systems  are  designed 
with  lower  margins  of  safety  than  their  predecessors.  The  cri¬ 
terion  of  minimum  weight  design  Is  particularly  prevalent  in 
the  design  of  aircraft*  missile p  and  space  craft  vehicles.  One 
obvious  means  of  obtaining  a  high,  strength,  minimum  weight  design 
is  the  Use  of  light,  thin- walled  structural  members  of  high  stre¬ 
ngth  alloys.  For  intricate  structures  such  as  space-crafts, 
beams  of  standard  cross  section  may  not  be  the  most  efficient  or 
convenient  structural  members  to  use  Thin-walled  beams  of  open 
section  are  frequently  employed  for  their  structural  efficiency. 
With  t3ie  improvement  of  extrusion  methods  in  metal  forming,  beams 
of  different  shapes  of  cross  sections  can  be  formed  to  order. 
Occasions  often  arise  when  uniform  doubly  symmetric  cross  sec¬ 
tions  are  more  convenient  to  use.  Examples  of  each  structural 
members  that  have  gained  great  favour  as  stiffeners  in  aerospace 
design  are  the  X,Zf  Charnel  and  angle  sections- 

Although  no  attempt  has  been  made  in  the  previous  para¬ 
graph  to  rcgorougly  define  a  thin- walled  beam,  it  is  necessary 
to  do  so  in  order  that  one  fully  understands  its  meaning  when 
used  in  ensuing  discussion,  a  rectangular  beam  a a  a  structural  ■ 
member  ig  characterized  by  having  two  dimensions,  the  width  and 


depth  of  the  crocs  float  Ion  of  comparable  aias  but  am  oil  1  In  com- 
pari ei on  with  the  third  dimension,  the  length*  A  thin-walled 
bean,  on  the  other  hand  ,  ig  character  is  eel  by  its  three  dimensions 
being  of  different  orders  of  magnitude*  fh e  thickness  of  the 
heaffi  is  small  compared  to  the  oh&raeteresttc  dimensions  of  the 
crocs  sect ion t  and  the  ore an  sectional  dimensions  are  email  com¬ 
pared  to  the  length  of  the  bsarfl-i 

It  haa  long  been  known  that  a  beam  with  no  n^mnet  rival 
cross  section  under  loads  will,  in  general,  not  only  deflects 
but  also  willjjtwiat*  Only  under  special  loading  along  the  fle- 
3cure  axis  T  a  line  joining  the  shear  centers ,  will  the  bean  de- 
fleet  without  twist-  The  concept  of  shear  center  is  well  known 
and  is  discussed  in  text  books *  Essentially p  it  is  a  point 
through  which  the  resultant  of  the  shear  forces  of  the  cross 
section  passes*  If  the  loading  does  not  pass  through  the  shear 
center,  a  torque  la  generated  by  the  loading  and  the  resultant 
of  the  reactions  from  the  section.  Such  a  torque  will  cause 
the  twisting  of  the  beam*  When  a  thin-walled  bean  is  subjec¬ 
ted  to  dynamic  excitation,  the  inertial  loading  due  to  accele¬ 
ration  of  the  bean-  itself  has  to  be  taken  into  account*  The 
resultant  of  such  loading  may  be  considered  to  pass  through  the 
Centroid  of  the  section.  Unless  the  shear  center  of  the  section 
coincides  with  its  centroid,  both  bending  and  torsional  vibra¬ 
tions  will  result ♦  Due  to  the  low  torsional  rigidity  of  thin- 
walled  open  section  beans,  the  problem,  of  torsional  vibrations 
and  stability  is  of  primary  interest* 


1.2-  brief  est: ee:  or  lpfbrattjre : 


Ejcten&Ive  research  has  "been  conducted  In  the  field  Of 
th in-wall ed  struct ural  members  which  hag  begn  well  documented 
in  tha  literature'^'  and  detailed  bibliographies  are  already 
available ,  Therefore,  only  a  brief  survey  of  the  development 
of  the  existing  literature  directly  related  to  the  present  in¬ 
vestigation  will  be  included  here. 

l.E.l.  EL  AS  IT  IC  STABILISE  Yi 

Sin.ee  the  eighteenth  century  investigation  of  column 
instabll. ity  by  Fuler,  a  great  wealth  of  information  hag  been 
documented  concerning  the  nature  of  instability,  For  instance* 
the  instability  of  columns,  beam-columns t  plane  frames*  tri abbqs, 
plates,  and  shells  have  boon  the  objects  of  many  research  ef¬ 
forts,  Although  the  mdificLual  investigations  are  too  numerous 
to  cite,  several  texts  have  appeared  that  provide  excellent  an- 
thologi.es  for  these  investigations, 

Derivation  of  the  fundamental  theory  of  strength  and 
stability  of  thin -walled  members  was  performed  by  Goo die r* 
Timoshenko,  Vlasov  and  others.  Timoshenko  {  ??)  initiated  the 
concept  of  non-uniform  torsion  when  he  considered  warping  of 
the  cross  sections  of  a  symmetrical  I-beam  subjected  to  tor¬ 
sional  moment *  Wagner  (  tf  i>  )  generalised  the  Uflmoghanko  tor- 
sion  theory*  Ooodior  {J£,& 7)  published  a  series  of  studies  in 
which  he  simplified  and  proved  some  of  the  assumptions  propo¬ 
sed  by  earlier  investigators*  Theories  of  lateral  stability 
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and  flexural -torsional  stability  of  uniform  thin-walled  beans, 
upto  1940,  were  unified  by  Timoshenko  (  ‘iff  ).  Vlasov's  (./Of) 
extensive  Investigations  of  thin- walled  elastic  ra embers  were 
published  in  book  form  in  1940.  A  new  edition  containing  com¬ 
prehensive  study  of  squill britun,  stability,  and  Vibration  of 
s,h  in— walled  members  of  arbitrary  cross  sections  was  published 

in  Russian  in  1958  end  translated  into  English  in  1961. 

! 

Two  other  classical  text  books  dealing  with  the  stabi¬ 
lity  of  members  wore  published  by  Bieieh  (  ij  )  in  issg  ^ 
Timoshenfeo  and  Sere  (  fy)  in  1961.  Most  recent  is  Ziegler's 
monograph  (  in  196S,  on  structural  stability  in  which  he 

emphasises  the  conceptual  aspect s  of  the  more  recent  developments 
of  stability  theory.  Surveys  of  the  theory  of  thin-walled  mem¬ 
bers,  which  include  numerous  references,  were  performed  by 
Howie inki  (  #7)  in  1959,  Panovko  (  h  ? )  in  1957  and  Pi-Yuan, 

Tu  (  U  3  )  in  1971 .  A  survey  of  literature  on  the  lateral  in¬ 
stability  of  beams  was  made  in  i960  by  lee  (  t3  ).  The  effect 
of  axial  stresses,  arising  from  combined  bending  and  torsion 
of  thin-walled  seams,  on  the  torsional  regidity  of  the  beam  was 
investigated  by  Goodier  (3S  )  m  1951  ^  Engel.  M7  )  in  1953. 

In  1944,  Goodier  and  Barton  extended  Timoshenko's  theory 
of  non-uniform  torsion  of  on  I-beam  to  include  not  only  the  ben¬ 
ding  of  the  flanges  in  their  own  planes  but  also  considered  the 
effect  01  web  deformation  on  the  torsion  of  the  bean,  tl-5).  Par¬ 
tner  investigation  of  this  effect  including  experimental  work 
was  performed  by  several,  researchers.  The  Goodler-Barton  effect 


was  found  to  be  of  significant  importance  for  the  case  of 
plate  girders  whose  cross  sections  were  such  that  the  ratio  of 
the  flange  thickness  to  the  web  thickness  wag  largo  or  if  the 
length  of  the  web  was  much  larger  than  the  length  of  the 
flange  (Ji/7/). 

Gregor^  (Ah)  in  1961*  proposed  a  theory  which  consi¬ 
dered  a  uon^line&r  longitudinal  etrenE  system  In  members  sub— 

3 acted  to  large  clastic  torsional  displacements*  ‘S-regory's 
theory  was  developed  by  Black  O^/l)  in  1965  and  in  1967 1  In 
a  theoretical  and  expert  azeiital  study  of  mono  symmetric  thin- 
walled  beams  subject ad  to  bending  and  torsion*  Approximate 
solutions  of  a  modified  non-linear  aquation  were  compared  with 
the  experimental  results  and  also  with  the  theories  of  Timo¬ 
chenko  (  *$3  )  and  C-oodier  C  -1  S'  3  -  A  continuous  effort  has  algo 

been  made  to  close  the  gap  between  structural  theory  and  engi¬ 
neering  codes  of  practice  {$r  -Sf  ''k).*  Recent  research  studies  of 
interest  to  designs  ahd  research  workers  &re  presented  in  a 
collection  of  papers,  published  in  1967 }  on  the  stability  and 
strength  of  thin-walled  structural  members  and  frames  (  ii>  ), 

The  influence  of  second  order  effects  such  as  distor¬ 
tion  of  the  column  cro^s  section,  large  displacements*  shear 
deformation,  residual  stress  and  initial  deflections  on  the  be¬ 
haviour  of  bl&xially  loaded  columns  ks  evaluated  by  Culver  (  J 
In  1965*  Numerical  calculations f  including  these  second  order 
effects,  indicated  that  problems  exist  for  which  these  effects 
are  considerable ,  Second  order  effects  influencing  biaxial ly 


loaded  columns  were  discussed  by  Goodier  (  bi>)  and  Heilig  (  ^4) 
and  these  effoota  included  oross  sectional  distortion  due  to 
torsion  and  shear  deformations.  f 

Tapered  thin-walled  beams  are  of  interest  in  optimum 
design.  Gere  and  Carter  (  3  ^  )  obtained  the  critical  buckling 
loads  for  tapered  columns.  A  finite  element  formulation  using 
Gelerkin*  s  method  for  the  buckling  problem  of  tapered  members 
was  presented  by  Morrel  and  Lee  (  $h).  The  elastic  stability 
of  axially  loaded  tapered  columns  has  been  studied  analytically 
by  several  investigators  (<27^.  The  problem  of  torsional  buck¬ 
ling  of  axially  loaded  tapered  columns  of  wide-flanged  cross 
section  has  been  recently  studied  analytically  by  Culver  and 
Preg  (  23  )>  using  finite-difference  method.  In  addition,  the 
differential  equations  for  the  general  case  of  tapered  wide- 
flanged  beam-columns  have  been  derived  using  the  Vlasov’s  me¬ 
thod  (/c?  )  for  uniform  beams.  The  determination  of  the  initial 
yield  load  for  tapered  beam-columns  has  also  been  investigated 
(  3o  ).  An  experimental  investigation  of  the  elastio  stability 
of  tapered  beam-columns  has  been  reported  (/i  ).  Lee  (  ) 

presented  an  analysis  of  non-uniform  torsion  of  tapered  I-beams 
in  1956,  the  taper  being  only  of  a  restrictive  type. 

All  the  above  investigations  and  a  host  of  others  treat 
the  torsional  or  flexural  -  torsional  buckling  problems  from  a 
purely  mathematical  approach.  Such  an  approach  includes  the 
solution  of  a  trio  of  coupled  differential  equations  of  equili¬ 
brium  (these  equations  may  be  uncoupled  under  some  instances) 


tor  columns  ol  varioue  oroes  sections,  loading.  «  bouna„y 
conditions.  This  approach  provides  one  with  exact  solutions 
(mathematically  speaking)  f0r  a  given  problem.  One  short¬ 
coming  Of  suoh  an  approach  Is  that  due  to  the  oompler  natur. 

Of  th,  equilibrium  stations  Such  .mathematlcsl  difficulties 
as  non-uniform  members,  oompler  loadings,  or  arbitrary  boundary 
conditions  can  not  be  easily  handled. 

To  complement  the  known  exact  solutions,  attempts  have 
sen  mad,  to  obtain  approrlmate  solution,  to  the  more  difficult 
a'a  n  mathematical^  .Peaking)  problems.  ,h.  t.chniq„,  „s,a 
t  obtain  the  approrlmate  results  1.  th,  method  of  Unit,  or 
screte  element  technics.  Many  of  th,  early  advances  in  the 
nlte  element  method  were  presented  In  technical  Journals, 
but  recently  texts  by  Prsemienieoki  <  9  A  )  and  Zienkiewlcs 

are  appeared  that  summarised  various  Invest  ig,tlo„s  utilising 
his  modern  teohnlq„e.  Th,.,  texts  00rer  moh  ^  ^  ^ 

P  «ne  stress,  plane  strain,  arisymmetric  stress  analysis,  three 
ensional  stress  analysis,  bending  of  beams,  plates  and  shells, 
nations  of  elastic  systems,  and  structural  stability. 

Using  the  finite-element  technique,  Krajclnovlo  (  6S  )  . 
formulation  for  thin-walled  members  based  on  the 
use  of  hyperbolic  function,  to  express  the  twist.  These  funo- 
tfons,  which  are  the  solution  to  the  exact  differential  equation 

and  warpin  lM"  ^  ,™PllCat'S'i  etlffne30  »*P™eelons  In  torsional 
nd  warping  constants.  It  doss  not  Include  th,  effects  of  In- 

stabilities  due  to  torauec 

qnea.  Hence,  its  applicability  to  general 

frame  instability  is  limits  v  >,  4-.  2 

limited.  Kabaila  and  Praeijsde  Venbeke(  46) 
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formulated  a  finite-element  model  that  considers  only  axial 
forces  in  the  stability  analysis.  The  formulation  is  only  ap¬ 
plicable  to  solid  beams  whore  the  shoar  oontor  ooinoidos  with 
the  center  of  gravity.  It  neglects  warping  rigidity,  which  is 
of  major  importance  in  the  analysis  of  thin-walled  members(  7#  ). 
A  linear  formulation  was  used  to  express  the  twist,  as  was  done 
earlier,  by  Przemieniecki  (  /3  ) .  The  finitefelement  method 
has  been  shown,  by  Pardoen  (  l]o),  Barsoum  (  6,  £  )  and  Barsoum 
and  Oallangher  (7  )  to  be  completely  general  in  that  it  pro¬ 
vides  one  with  a  means  of  solving  problems  involving  arbitrary 
loading  and  boundary  conditions.  Although,  only  an  approximate 
method,  the  finite-element  method  has  provided  results  that  are 
sufficiently  accurate  for  engineering  purposes. 

1.2.2.  VIBRATIONS  AM)  WAVE -PROPAGATION : 

For  the  past  three  decades  mechanical  vibrations  have 
been  recognized  as  a  major  factor  in  the  design  of  air  craft, 
marine  and  machine  structures.  Mechanical  vibrations  produce 
increased  stress,  energy  loss  and  noise  that  should  be  consi¬ 
dered  in  the  design  stages  if  these  undesirable  effeots  are  to 
be  avoided,  or  kept  to  a  minimum.  This  is  essentially  true  in 
the  area  where  the  total  mass  of  the  system  is  to  be  held  to  a 
minimum.  Vibratory  motion  can  produce  very  disastrous  results 
as  in  the  case  of  either  the  Tacoma  narrows  bridge  which  fell 
because  the  wind  excited  it  at  a  natural  frequency,  or  the  ill- 
fated  Electra  I  Commercial  air  craft  that  encountered  severe 
engine  vibration  which  required  major  modification  of  air  craft. 
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ot  predicting  vibratory  oharaoterestlcs .  However,  U  ataiSA 

^  eaBl1  °f  th8sa  foraal  solutions  has  very  definite 
Imitations  because  they  hav.  been  obtained  for  a  sp.oiflo  type 
of  baan  ana  are  not  appllaabla  to  the  general  oasa.  Since 
thors  had  not  baan  developed  a  rigorous  mathematical  technique 
that  will  solve  all  types  of  beam  vibration  problems,  it  was 
only  natural  that  various  approximate  techniques  have  bean  da- 
ped  to  fill  in  the  gaps  left  in  the  formal  solutions,  One 
Of  the  most  powerful  techniques  developed  was  the  Bayl.lgh-Eite 
method  which  la  an  energy  principle  that  in  the  absence  of  fri¬ 
ctional  losses,  the  total  vibratory  energy  of  a  vibrating  body 
must  continuously  change  fro„  all  strain  energy  and  no  kinetic 
energy  to  all  kinetic  energy  and  no  strain  energy,  and  tha  fre¬ 
quency  of  change  must  be  a  natural  frequency. 


The  first  step  in  the  application  of  the  Eakelgh-Hltz 
method  Is  to  assume  a  possible  model  shape  of  the  beam  corres¬ 
ponding  to  the  lowest  frequency.  Then  it  will  be  possible  to 
calculate  the  maximum  strain  energy  in  the  beam.  By  consider¬ 
ing  that  the  aeeumed  mod.  shape  1.  periodic  in  tilt,  the  maximum 
kinetic  energy  can  he  obtained.  When  the  two  energies  are  equa- 
ed,  it  is  possible  to  solve  for  the  frequency.  Succeeding 
Possible  mode  shapes  must  be  assumed  until  the  lowest  ealcL- 
ted  frequency  is  obtained.  This  technique  converges  only  to 
the  lowest  natural  frequency  of  the  system.  The  higher  natu¬ 
ral  frequencies  can  bs  obtained  only  by  using  the  orthogonality 
Property  that  exists  between  the  mode  shapes.  A  complete  dis¬ 
tils  Sa'f.eigh-Eltz  technique  is  presented  by  Temple 
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and  Beckley  (  )* 

Garland  (  Al  )  ungti  tlui  ni|lftleh-4U'ba  mathod  -bo  invaa- 
tigaie  the  coupled  tore tonal  and  transverse  vibration  of  canti¬ 
lever  beams  having  constant  channel  cross  section.  He  wag  able 
to  observe  that  for  any  one  transverse  mode  of  vibration  there 
will  be  two  torsional  modes  and  that  the  coupled  natural  fre¬ 
quency  can  be  expressed  as  functions  of  the  uncoupled  trans¬ 
verse  and  uncoupled  torsional  frequencies.  Timoshenko  {  fO'O  ) 
was  also  able  to  make  this  observation  for  a  o imply  supported 
channel  cross —sect ion.  Garland  was  able  to  obtain  a  remarkable 
degree  of  correlation  between  the  predicted  and  the  experimen¬ 
tally  measured  results.  Because  he  was  dealing  with  only  the 
lowest  natural  frequencies T  he  was  not  in  requirement  of  the 
use  of  the  orthogonality  condition  that  would  be  necessary  for 
obtaining  the  higher  natural  frequencies- 

Bennett  {  9  )  developed  an  improved  matrix  technique 

for  investigating  the  vibratory  characterestics  of  a  beam  hav¬ 
ing  a  plane  of  symmetry  perpendicular  to  the  plane  of  transverse 
vibration.  For  a  beam  having  a  non-collinear  longitudinal  mass 
and  shear  center  axes,  there  will  be  a  coupling  between  the 
transverse  and  torsional  vibrations.  The  coupling  is  produced 
when  the  reversed  effective  force  caused  by  the  transverse 
vibration  does  not  act  through  the  shear  center  of  the  cross- 
section.  To  date  there  has  not  been  developed  a  rigorous  mathe¬ 
matical  solution  for  all  possible  variations  in  cross  section, 
loading  conditions  and  methods  of  support-  Several  authors 


on 
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have  solved  the  equations  by  imposing  specific  limitations 
the  method  of  support  or  on  the  variation  of  the  cross  section. 
Some  researchers  have  used  an  energy  method  or  ah  iterative 
method,  to  approximate  solutions  where  the  formal  solution  does 
not  exist .  These  approximate  methods  have  a  tendency  to  become 
very  tedious.  The  technique  of  investigating  the  higher  natu¬ 
ral  frequencies  introduces  complexities  that  are  difficult  to 
understand  physically.  The  matrix  method  proposed  by  Bennett 
(  ^  )  is  valid  for  any  loading  conditions  or  method  of  sup¬ 

port.  In  his  work,  three  different  types  of  beam  vibrations 
are  considered,  coupled  torsional  and  transverse,  transverse 
alone  and  torsional  alone.  The  governing  differential  equations 
were  solved  approximately  by  using  a  digital  computer  and  results 
obtained  are  observed  to  be  within  the  range  of  engineering  ac¬ 
curacy. 

Another  approximate  but  more  elegant  technique  is  the 
finite— element  technique  which  provides  one  with  solutions  for 
any  general  set  of  boundary  conditions  and  the  variation  in  the 
cross  section.  This  technique  has  been  successfully  used  by 
Mei  (7/7*0  for  the  solution  of  the  coupled  bending-torsion 
vibrations  of  thin-walled  beams  of  open  section  and  non-linear 
flexural  vibrations  of  rectangular  beams.  Pardoen  (  O  )  and 
Baraoum  (  6  )  presented  satisfactory  solutions  for  the  vibra¬ 

tion  and  dynamic  stability  problems  of  thin-walled  beams  of 
open  section  utilizing  the  finite-element  method.  Although  the 
finite-element  technique  has  been  used  to  predict  the  natural 
frequencies  and  mode  shapes  of  beams,  the  method  hne  yet  to  be 
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extended  to  consider  the  torsional  vibrations  and  stability  of 
thin-walled  beams  of  open  section  resting  on  continuous  elastic 
foundation. 

Stress  ,wave  propagation  in  elastic  solid  media  have  been 
subjected  to  analysis  since  the  early  investigations  of  poisson 
(  CI>-).  Recent  developments  have  been  motivated  by  the  ever  in¬ 
creasing  need  for  information  concerning  the  response  of  struc¬ 
tures  to  high  dynamio  loads.  The  beam  as  a  fundamental  element 
of  structures,  received  the  first  attention  of  investigators  in 
the  field.  The  early  work  of  Pochhammer  (  'H  )  and  Chree  (  /7  ) 
on  the  circular  cylindrical  bar  with  traction-free  surface  was 
re-examined  in  the  early  1940*3  but  progress  was  slow  on  account 
highly  intricate  transcendental  frequency  equations  resulting 
from  dispersion  due  to  the  presence  of  boundaries.  The  first 
three  modes  of  longitudinal  and  flexural  wave  transmission  were 
not  known  until  found  by  Davies  (  )  in  1948  and  Abramson(  /  ) 

in  1957. 

The  complexity  of  the  exact  analysis  even  for  simple 
geometry  of  a  circular  cylindrical  bar,  emphasized  the  need  for 
physically  satisfactory  approximate  theories.  To  satisfy  engi¬ 
neering  requirements,  these  theories  should  be  good  for  short 
wave  lengths  which  occur  in  problems  of  steep  transients  or 
high  frequency  oscillations  in  bars.  The  elementary  classical 
theories  of  Navier  for  longitudinal  vibrations,  Bernoulli- 
Euler  for  flexural  vibrations  and  Coulomb  for  torsional  oscil¬ 
lations  were  reviewed  and  with  the  exception  of  the  latter,  were 
found  to  lead  to  physically  impossible  results  (  1 L  ).  As  a 
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consequence,  emphasis  was  placed  on  developing  more  accurate 
approximate  theories  for  longitudinal  and  flexural  vibrations. 

1  Although  Timoshenko  Hot)  in  1921  proposed  a  theory 

for  flexural  oscillations  which  included  the  effects  of  shear 
deformation  and  rotary  inertia,  it  was  not  until  the  last  de¬ 
cade  that  the  Timoshenko  theory  was  really  put  to  experimental 
and  analytical  tests.  During  this  period,  in  addition  to  a  lot 
of  allied  literature  on  exact  theories  of  plates,  and  over  a 
dozen  of  books,  monographs  and  surveys,  not  less  than  fifty 
papers  appeared  dealing  with  approximate  theories.  These  papers 
included  new  theories,'  their  mutual  comparison,  comparision  with 
the  known  information  from  exact  theories  and  experiment.  The 
Timoshenko  theory  for  flexural  waves  and  the  Mindlin-Heijmann 

theory  (  4V  )  for  longitudinal  waves  were  found  most  satisfac- 

/Ai 

tory.  The  rest  of^ literature  with  the  propagation  of  pulses  is 
based  on  these  theories.  Brief  details  have  been  previously 
summarized  by  Kolsky  (  6]),  Abrahmson,  Plass  and  Ripperger(  Z.  ), 
Green  (  4/  ),  and  more  recently  by  Redwood  (  )  and  Miklowitz(  86 

However,  comparable  torsional  oscillation  analysis  was 
virtually  neglected  and  not  more  than  four  to  five  papers  on 
the  topic  have  been  published.  The  reason  is  the  fact  that 
Coulomb  classical  theory  gives  the  same  first-mode  results  as 
the  exact  theory.  The  available  information  is  almost  limited 
to  the  circular  cylindrical  bar.  Thus,  there  exists  a  lack  of 
satisfactory  approximate  and  exact  theories  for  torsional  wave 
propagation  in  non-circular  bars,  especially  these  used  in 
structural  applications.  Very  often  thin-walled  beams  of  open 
section  are  used  as  structural  members  in  light  weight  aircraft 
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and  building  construction.  Those  members  uguully  jfail  under 
torsion  or  combined  bending  torsion  because  of  their  low  tors- 
ion&ly  rigidity  which  makes  them  susoaptibla  to  torsional  buck¬ 
ling,  A  self-contained  and  comprehensive  acoount  of  bending 

and  torsion  of  thin-walled  beams  of  open  section,  was  given  in 

/ 

a  paper  published  by  Timoshenko  (?£)  in  1945,  As  structural 
members  may  be  subjected  to  resonant  vibrations  under  dynamic 
loads,  it  la  necessary  to  study  their  torsional  properties  in 
order  to  understand  their  response  to  torsional  excitation. , 

The  inadequacy  of  a  Saint— Venant  elementary  torsion 
theory  for  ohort  wave  lengths  was  hinted  at  by  Love  (  ~fh  )t 
who  suggested  a  correction  for  the  longitudinal  inertia  asso¬ 
ciated  with  torsional  deflection.  However,  both  the  elementary 
theory  and  Jiova'n  approvlnitt Licit  Imva  tin,  timtiu  defaobu  an  to 
their  counterparts  in  longitudinal  wave -propagation  theory. 

The  dynamic  equation  used  by  Gere  (,:l?  )  in  his  torsion  analy¬ 
sis  m8  essentially  that  previously  derived  by  Timoshenko  (  *}§) 
and  he  studied  the  effect  of  warping  of  the  cross-section  on 
the  frequencies  vibration.  These  equations  are-csl-led  the 
Timoshenko  Torsion  theory  in  the  sequel  and  are  found -to  lead 
to  physically  absurd  results  for  short  wave  length  waves. 

To  present  a  much  needed  practical  engineering  theory, 
a  strength  of  materials  theory  is  derived  and  analysed  by  Aggar 
wal  (  3  )  in  his  thesis,  including  the  effects  of  shear  defor¬ 

mation,  longitudinal  inertia  and  warping  of  the  crosg-sectlon. 
At  high  frequencies  and  short  wave  lengths  a  new  mode  of  the 
wave  transmission  is  added.  This  arises  from  the  coupled  Inte- 


raotion  of  the  torsional  deformation  and  bending  effects  of 
shear  deformation  and  longitudinal  inertia*  The  Aggarwal's 
theory  lead  to  theoretically  satisfactory  results  for  the  first 
mode  of  transmission  over  a  wave  length  spectrum  wfloh  included 
moderately  short  wave  lengths,  and  agrees  with  previous  appro¬ 
ximations  for  large  wave  lengths,  The  group  velocity  for  the 
second  mode  is  shown  to  increase  mo not onto ally  from  zero  for  the 
longest  waves  to  the  bar  velocity  for  very  short  wave  lengths, 
which  is  in  agreement  in  form  with  the  higher  modes  of  the  exact 
theory  for  circular  cylindrical  bars  (0^-i  K  In  many  respects 
the  analysis  of  Aggarwal's  theory  proves  to  be  analogous  to  that 
of  Timoshenko's  flexural  theory  {  h'f  ), 

2?he  transient  response  arising  from  a  stop  torque  app¬ 
lied  impulsively  at  the  end  of  a  semi-infinite  I-bsam  is  analy¬ 
sed  by  Aggarwal  (  )  and  the  non-dimensional  equations  are  faft 

solved  using  Laplace  transforms  and  a  closed  form  solution  in 
integral  form  is  obtained*  For  the  sake  of  comparison,  he  sol¬ 
ved  the  same  impulsively  applied  step  torque  problem  according 

to  the  Timoshenko  torsion  theory*  He  also  analysed  the  problem 

y 

of  free  and  fenced  vibrations  of  I-beams  according  to  his  theory 
which  includes  the  effects  of  longitudinal  Inertia  and  shear 
deformation*  lie  noticed  a  completely  new  spectrum  of  natural 
frequencies  at  higher  frequencies  due  to  the  interaction  bet- 

t 

ween  torsion,  shear  deformation  and  longitudinal  inertia  effects 
The  frequency  equations  and  expressions  for  model  functions  are 4, 
derived  for  a  number  of  cases  but  he  limited  the  discussion 
regarding  the  existence  of  the  second  frequency  spectrum  only 
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to  the  ease  of  the  simply  supported  beam  because  of  the  highly 
transcendental  nature  of  the  frequency  equations  which  further 
include  the  parameters  of  warping,  shear  and  longitudinal  in¬ 
ertia.  The  frequencies  obtained  according  to  his  theory  are 
compared  with  those  previously  obtained  by  Gere  (  3*)  who  used 
the  Timoshenko  torsion  equation.  The  shear  effect  is  shown  to 
result  in  a  decrease  of  beam  stiffness  and  corresponding  dec¬ 
rease  of  natural  frequencies.  Though,  the  decrease "is  rela¬ 
tively  small  compared  to  the  increase  due  to  warping;  the  in— 

t  J  ’’  *V 

fluence  of  shear  deformation  is  observed  to  be  considerable  at 
higher  frequencies.  Further,  'Aggarwal  (  .3  )  established  an 
Orthogenality  relation  for  the  principal  modes  of  vibration  and 
treated  the  problem  of  forced  vibrations  under  vary  general  loi 

Where  as  Aggarwal 's  contribution  was  limited  to  an  im¬ 
provement  of  the  previous  theories  of  uncoupled  torsional  vibra 
tions,  Tso’s  contribution  (/c^)  wa3  in  the  field  of  coupled 
torsional  and  bending  vibrations  of  thin-walled  beams  of  open 
section.  In  his  thesis,  Teo  (  / 0  Lj  )  derived  a  higher  order  thee-: 
including  the  effect  of  shear  strain  induced  by  bending  and  wa: 
ping  of  the  beam.  He  compared  the  spectrum  curves  of  the  highe: 
order  theory  with  those  from  the  elementary  theory  for  various 
boundary  conditions  for  a  special  family  ef  non-syrametric  sec¬ 
tions.  He  performed  an  experiment  on  two  specimens  to  determi: 
their  natural  frequencies  at  different  beam  lengths  and  compa¬ 
red  the  experimental  results  with  those  predicted  from  the  two 
theories.  He  has  concluded  that  when  the  beam  is  long,  the  eli 
mentary  theory  is  adequate  to  predict  the  natural  frequencies 
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for  torsion  prectoinensnt  modes.  For  tending  predominant  modes t 
tho  higher  order  theory  should  he  used.  The  higher  order 
theory  derived  by  Tso  {  Jo *+-)  serves  also  as  a  guided  for  the 
range  of  validity  of  the  elementary  theory.  In  the  experimen¬ 
tal  observations ,  he  found  certain  non-linear  behaviour  of  the 
thin-wailed  beam*  Under  special  circumstances,  when  the  beam 
is  excited  at  resonance  at  a  higher  mode,  he  observed  a  ten¬ 
dency  for  the  beam  to  shift  from  the  higher  resonant  mode  to 
vibrate  at  its  fundamental  mode,  resulting  in  a  higher  order 
eubhormonic  oscillation.  Hence  he  made  an  analysis  to  show 
the  possibility  of  such  a  behaviour  if  the  inherently  non-linear 
governing  equations  for  coupled  torsional  and  bending  vibrations 
are  used. 

Recently  In  1967,  Aggarwal  and  Grand!  (  4  )  published 

a  paper  as  an  extension  to  the  work  of  Aggarwal  (3  ),  by  in¬ 

cluding  an  analysis  for  the  coupled  bending-torsional  vibrations 
Of  a  channel  beam.  The  equations  governing  the  motion  of  the 
channel  beam  are  derived  using  Hamilton's  principle  and  include 
the  effects  of  warping,  longitudinal  inertia  and  shear  deforma¬ 
tion,  These  equations  explicitly  resemble  those  derived  by 
Tso  C  /0  if  )  for  the  more  general  case  of  mono -symmetric  thin- 
walled  beam  of  open  cross  section.  However,  the  approach  of 
Aggarwal  and  Oranch  seems  to  be  different  from  that  of  Tso, 
Whereas  Tso,  analyzed  the  vibrations  of  a  monosymmetric  thin- 
walled  beam,  torsional  wave  analysis  Ts  " made  by  Aggarwal  and 
Cranoh  for  the  case  of  an  I-beam  and  a  channel  beam. 

A  more  go  no  ml  theory  of  vlbmtiqnn  of  cylindrical 
tubes  which  includes  the  secondary  effects  such  as  transverso 
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ghsar,  longitudinal  inertia  and  shear  lag  was  presented  by 

Krishnamurthy  and  Joga  Eao  (  70  ).  They  also  brought  out  the 

\ 

analogy  between  the  flexural  and  torsional  vibrations . of  dou¬ 
bly  symmetric  tubes .  In  Part  IT  of  their  theory  (  7 O  ) ,  re¬ 
sults  for  simply  supported  open  tube  of  doubly  symmetric  I  - 
section  were  presented.  The  'other  boundary  conditions  were 
not  analyzed. 

1.3*  AIM  AMD  SCOPE  OP  THE  PRESENT  INVESTIGATION: 

In  the  above  investigations  Ot  ft  Jet)  on  the  torsional 
vibrations  of  thin-walled  beams  of  open  section  including  the 
second  order  effects  such  as  longitudinal  inertia  and  shear  de¬ 
formation,  only  regorous  mathematical  eolutlons  are  attempted. 
This  approach  actually  limited  their  solutions  only  to  simple 
end  conditions  such  as  a  simply  supported  beam.  Stating  that, 
the  frequenoy  equations  are  highly  brans  o o nd on tal  in  nature, 
Aggarwal  (  >  )  did  ooi;  a  l  hem  pi;  hiia  hoIii  Ll.mip  for  bouiulttry  con¬ 

ditions  other  than  the  simply  supported  ends.  However,  with 
ihe  advent  of  high  speed  digital  computers,  it  is  not  too  dif¬ 
ficult  to  obtain  the  solutions  for  these  transcendental  frequ¬ 
ency  equations- 

■s 

The  present  thesis  aims  at  developing  exact  and  appro¬ 
ximate  methods  of  analysis  to  tackle  various  boundary  conditions 
without  much  difficulty.  An  attempt  has  been  made,  to  extend  * 
the  previous  discussions  on  torsional  vibrations  and  stability 
analysis  of  thin-walled  beams  of  open  section,  to  include  the 
effects  of  axial  compressive  load,  continuous  elastic  foundation, 
longitudinal  inertia  and  shear  deformation  by  making  use  of-  exact 
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and  approximate  methods  of  analysis*  A  non-linear  analysis  is 
also  made  to  study  the  influence  of  large  torsional  amplitude 
on  the  non-linear  period  of  vibration.  Further,  the  effects 
of  axial  compressive  load  and  continuous  elastic  foundation  on 
non-linear  torsional  behaviour  of  thin— walled  beams  of  open  sec¬ 
tion  are  also  investigated.  * 

■ 

In  particular.  Chapter  II  deals  with  the  analysis  of 
torsional  vibrations  and  stability  of  lengthy  uniform  thin- 
walled  beams  of  open  section  resting  on  continuous  elastic  foun¬ 
dation  and  subjected  to  a  time -invariant  axial  compressive  load 
by  means  of  exact  and  approximate  methods.  A  finite-element 
formulation  for  the  same  problem  which  is  useful  both  for  uni¬ 
form  and  non-uniform  beams  is  presented  in  Chapter  III*  The 
comparison  between  the  results  from  the  exact  analysis  and  ap¬ 
proximate  finite  element  method  is  shown  to  be  excellent  even 
for  a  coarse  sub-division  of  the  beam, 

* 

in  Chapter  IV,  an  exact  analysis  is  presented  lor  free 
torsional  vibrations  of  short  uniform  thin-walled  beams  of  open 
section  including  the  effects  of  longitudinal  inertia  and  shear 
deformation.  Expressions  for  orthogonality  and  normalizing 
conditions  for  the1 principal  normal  modes  which  are  useful  in 
solving  forced  vibration  problems  and  which  include  both  the 
angle  of  twist  and  warping  angle  are  obtained  for  both  the  gene¬ 
ral  case  and  for  beams  with  various  simple  end  conditions,  To 
feoci.litateJ_xhe  designers,  extensive  design  data  pertaining  to 

I 
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wide-flanged  I-beams  with  various  end  conditions  la  presented. 
Also,  approximate  frequency  equations  for  clamped  and  olaroped- 
simply  supported  beams  are  derived  malting  use  of  the  Galerkin 
teohnique.  A  finite  element  formulation  of  the  problem  is  pre¬ 
sented  in  Chapter  V.  Hew  stiffness  and  mass  matrices  are  pre¬ 
sented  whioh  include^  the  effects  of  longitudinal  inertia  gnfl 
shear  deformation.  The  results  obtained  by  the  finite  element 
method  are  in  good  agreement  with  the  exact  ones. 

An  analysis  for  the  forced  torsional  vibrations  of  thin- 
walled  beams  of  open  section  including  the  effects  of  longitu¬ 
dinal  inertia,  shear  deformation  anti  visoous  damping  is  given 
In  Chapter  VI,  Chapter  VII  deals  with  the  problem  of  torsional 
wave  propagation  in  orthotropic  thin— walled  beams  of  open  sec¬ 
tion  including  the  effects  of  longitudinal  inertia  and  shear 
deformation. 

In  Chapter  VIII,  the  problem  of  torsional  vibrations  and 
stability  of  short  uniform  thin-walled  beams  resting  on  contin¬ 
uous  elastic  foundation  and  subjected  to  an  axial  statio  oomp- 
ressive  load  including  the  effects  of  longitudinal  inertia  eng 
shear  deformation  is  analyzed  by  means  of  an  exact  method. 
Approximate  expressions  for  the  frequency  and  buckling  load  are 
derived  for  clamped  and  clamped-s imply  supported  beams  utiliz¬ 
ing  Galerkin' s  technique.  A  finite -element  solution  of  the  same 
problem  ia  presented  in  Chapter  IX. 

A  non-llnoar  analysis  for  the  torsional  stability  of  thin- 
walled  beams  of  open  section  at  large  amplitudes  is  presented 


in  Chapter  X*  In  Chapter  XI,  the  effects  of  axial  time -inva¬ 
riant  compressive  load  and  elastic  foundation  on  the  non-linear 
torsional  vibrations  and  stability  are  analysed.  In  Chapter  XII, 
salient  conclusions  are  arrived  at,  bringing  out  the  practical 
significance  of  the  problems  solved.  Also  the  scope  for  fur¬ 
ther  investigation  Is  discussed. 

Available  reprints  of  the  papers  published  on  part  of  the 
work  presented  in  this  thesis  are  enclosed  at  the  ©nd  for  ready 
reference,  The  rest  of  the  material  ig  accepted  for  publica¬ 
tion,  ixs. 
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CHAPTER  -  II 

TORSIONAL  VIBRATIONS  AND  STABILITY  OF  LEHC-TH?  THIN-WALLED  BEAMS 

ON  ELASTIC  FOUNDATION  -  EXACT  AND  APPROXIMATE  ANALYTICAL  SOLUTIONS? 

2.1  INTRODUCTION? 

Static  and  dynamic  analysis  of  beams  on  elastic  foundation 
occupies  a  prominant  place  in  contemporary  structural  mechanics.  ■ 
The  vibrations  and  buckling  of  continuously  supported  finite  and  in¬ 
finite  beams  resting  on  elastic  foundation  has  an  application  In 
the  design  of  highway  pavements,  aircraft  runways  and  in  the  use  of 
metal  rails  for  rail  road  tracks.  A  very  large  number  of  studies 
have  been  devoted  to  this  subject,  and  valuable  practical  methods 
for  the  analysis  of  beams  on  elastic  foundation  have  been  worked 
out. 

Regarding  the  static  analysis  of  beams  on  elastic  founda- 

'P  W  ) 

tion  Hatenyi's  book  (43)  ins  rather-a  classic  ..giving  the  complete 
development  of  the  beams  supported  on  elastic  foundation.  A  later 
development  of  the  theory  is-  beautifully  presented  by  "Vlasov  and 
Leovitiv  (A>ii)  in  their  book  on  ''beams,  plates,  and  shells  on 
elastic  foundation' 1  with  improved  models  of  elastic  foundation. 
Since  the  actual  response  at  the  interface  depends  on  the  material 
of  the  foundation  and  is  usually  very  difficult  to  determine , 
various  foundation  models  were  proposed  to  approximate  the  real 
foundation  behavior  among  which  Winkler's  constant  modulus  founda¬ 
tion  is  widely  used  because  of  its  simplicity.  A  discussion  of 
various  foundation  mod  el  s^id  presented  by  Kerr  (  6:> ), 

*  Part  of  the  results  from  this  chapter  were  published  by  the 
author  and  A.A.Satyam  in  February  1975  issue  of  AlAA  Journal, 
see  Ref.  tjl . 


« 


24 


The  effect  of  shear  flexibility  is  included  in  the  ana¬ 
lysis  of  beams  on  elastic  foundation  by  Eactliffee  (  *%).  Biot  ( Jo  ) 
treated  the  bending  of  an  infinite  beam  on  elastic  foundation  and 
Conway  and  Pamham  (  j  ‘}  )  analyzed  the  bending  of  a  finite  beam 
in  bonded  and  unbonded  contact  with  an  elastic  foundation.  Recently 
Niyogl  C  ti)  presented  an  approximate  analysis  of  axially  constrained 
beam  on  elagtio  foundation  and  Murthy  ( $  i )  solved  the  problem  of 
buckling  of  continuously  supported  beams.  The  problem  of  buckling 
of  thin-walled  beams  of  open  seotion  such  as  I -beams,  channel  sec¬ 
tions  etc.,  with  continuous  elastic  supports  has  been  treated  by 
Timoshenko  and  Gera  (  7  7)  in  their  book  on  "Theory  of  elastic 
stability".  By  using  the  finite  element  method,  Pardoen  (  9o) 
analyzed  the  buckling  of  thin-walled  beams  of  open  section  rest¬ 
ing  on  continuous  elastic  supports  subjected  to  an  axial  load. 

On  the  dynamics  side  of  beams  on  elastic  foundation, 

Kenney  (iL  )  analysed  the  steady  state  flexural  vibrations  of  beams 
on  elastic  foundation  for  a  moving  load  including  the  effect  of 
viscous  damping.  Crandall  (/O  )  analyzed  the  flexural  vibrations 
of  a  beam  on  elastic  foundation  including  the  effects  of  rotary 
inertia  and  shear  deformation.  Taeitlin  (/O  i)  determined  the  ef- 
facts  of  shear  deformation  and  of  rotary  inertia  in  flexural  vibra¬ 
tions  on  beams  on  elastic  foundation.  Lloyd  and  Miklowltz  (7,7) 
presented  an  analysis  for  the  flexural  wave  propagation  of  beams 
and  plates  on  an  elastio  foundation. 

While  there  exists  a  good  number  of  investigations  on 
flexural  vibrations  of  rectangular  beams  or  plates  on  elastic 
foundation,  the  literature  on  the  torsional  vibrations  of  beams  on 
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elastic  foundation  is  rather  scarce.  To  the  best  of  authors 
knowledge  the  effeots  of  a  time -invar lent  axial  compressive  load 
and  of  elastic  foundation  on  the  torsional  frequency  and  buckling 
loads  of  thin-walled  beams  of  open  section  are  not  being  analysed 
anywhere  in  the  amilable  literature.  To  this  end,  the  present 
chapter  deals  with  the  exact  and  approximate  analytical  solutions 
of  the  effects  of  a  time -invariant  axial  compressive  load  and  of 
elastic  foundation  on  the  torsional  frequency  and  buckling  loads 
of  lengthy  thin-walled  beams  of  open  section. 

B.2.  RA3IQ  ASSUMPTIONS: 

The  problem  investigated  in  this  chapter  is  restricted 
to  the  following  assumptions: 

a)  The  thin-walled  beam  has  uniform  open  cross  sections 
along  its  length. 

b)  Strains  are  assumed  to  remain  within  the  elastic  limit. 
The  curvature  and  twist  of  the  beam  are  considered  to  be  small* 

In  particular,  the  deformations  are  small  compared  with  the  cross- 
sectional  dimonoions  of  the  beam  in  the  linearised  problem, 

c)  Tile  beam  is  fabricated  from  material  which  is  homoge¬ 
neous  and  isotropic  and  which  obeys  Hooke 1 s  law  C  a  linearly  ela¬ 
stic  material ) . 

d)  The  centroid  and  shear  center  of  the  cross  section 
coincide , 

e)  Shearing  strains  of  the  middle  surface  due  to  shear 
and  warping  effects,  and  axial  strains  of  the  beam  due  to  longi¬ 
tudinal  load  components  are  considered  to  be  negligibly  small 
(the  beam  is  undergoing  inextenslonal  motions). 


(f)  Longitudinal  inertia  effect a  are  considered  to  be 
negligibly  small*  Conditions  (e)  and  (f)  are  referred  to  as  the 
Timoshenko  Torsion  theory. 

(g)  Distortion  of  the  cross  sections  in  their  own  planes 
is  not  considered f  however,  warping  of  the  sections  is  permitted. 
Distortion  of  the  sections  would  be  of  significance  for  built-up 
girdera  or  if  the  cross  section  is  very  deep  or  very  wide. 

(h)  No  internal  or  external  damping  forces  are  Considered. 

2.3  HER I VAT I OH  OF  BASIC  DIFFERENTIAL  EQUATION: 

As  the  cross  sectional  dimensions  are  assumed  to  he  small 
compared  to  the  length  of  the  "beam,  the  second  order  effects  such 
as  longitudinal  inertia  and  shear  deformation  oan  be  treated  as 
negligible . 

In  this  section,  based  on  Timoshenko  torsion  theory  (  %  ), 

the  governing  differential  equation  of  free  motion  of  a  doubly  sym¬ 
metric  thln-walled  beam  on  elastic  foundation  subjected  to  a  time- 
invariant  aoclal  compressive  load  is  derived  utilizing  Hamilton's 
principle.  The  method  has  the  advantage  of  generating  the  natu¬ 
ral  boundary  conditions  which  shall  be  discussed  in  section  2.4. 

Hamilton's  principle  states  that  for  dynamical 

process:  , 

6  J*1  (  T,  -  TJ  4  W  )  it  "  0 

* 

where  (T  -  XT  ■+  W)  is  the  Lagranglan  function,  \ the  kinetic 


(2,1) 
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energy  of  the  strained  bar,  U  the  total  strain  energy,  W  the 
potential  energy  of  the  external  force,  and  tQ,  t^  are  two  fixed 
instants. 


Fig. 1.1  shows  a  differential  element  of  length  dz  of  a  • 
wide-flanged  I-beam  undergoing  torsion.  According  to  Saint 
Venant ,  the  oross-eeotions  are  assumed  to  rotate  about  the  cen¬ 
troid-shear  oenter  'O’  giving  rise  to  a  torsional  couple, 


(2.2a) 


where  &  is  the  shear  modulus,  0  the  torsion  constant  for  the 
cross  section,  and  0  (z,  t)  the  angle  of  twist. 

The  torsion  constant  for  an  I-section  is  given  by 

Cg  =  (2bt|  +  htJ)/3  (2.2b) 

where  b  is  the  width  of  the  flanges,  hi  the  height  between  the 
centerlines  of  the  flanges,  t^  the  thickness  of  the  flanges,  and 
tw  the  thickness  of  the  web.  , 


The  strain  energy  tfj.  at  any  instant  t  in  the  bean  of 
length  1  due  to  Saint  Venant  torsion  is 


.  ¥  2 

ui  =  §  I  GC  (  —  )  dz  (2. Bo) 

1  2  o  s  dz 

Accompanying  the  rotation  is  a  warping  of  the  section 
which  is  assumed  constant  in  each  piece  of  the  cross  section  hav- 
a  moment  M.  The  x-displaoement  of  the  top  flange  centerline,  u 
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is  given  by 

f 

u  =  (h/2)  0 

and  kenoe  the  moment  M  in  the  top  flange  is  given  by 


(2. 2d) 


M  =  Elf  ~  =  EIf  |  -^|  (2.2e) 

f  3Z2  1  2  3Z2 

I 

where  E  is  the  Young's  modulus,  1^  the  moment  of  inertia  of 
each  flange  area  about  y-axis. 


'  ,  It  can  be  easily  observed  that  the  moment  M  in  the  top 
flange  and  -M  in  the  bottom  flange  cancel  so  that  no  net  moment 
M  exists  in  the  cross  section. 

v 

The  shear  force  Q  due  to  the  bending  of  the  flanges  is 


given  by 

•  X 


Q 


9M 

■35  = 


az3 


(2.2f) 


The  equal  and  opposite  shear  forces  Q,  a  distance  h  apart  in 
the  top  and  bottom  flanges,  give  rise  to  a  torque  due  to  warping, 
Tw»  given  by 


T 


w 


h^  _ 

f  2  gz3 


-  EC 


w 


a5# 

az3 


(2.2g) 


where  C  =  I-  h2/2  is  the  warping  constant  for  an  I-section  (32  ). 


The  total  torque,  T^  on  the  cross  section  is  given  by 

32*  ' <2.£h) 


T,  =  T  +  T  =  GC  4^  -  EC  — , 

t  8  W  S  025  W  0z3 
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If  Eg  is  the  strain  energy  of  the  two  flanges  due  to 
warping,  then 


x  •  up=  \  f  2  El-  A)2  d »  -  4  /  EC  (-^|)2  dz 


'8"  2  1  *  '^2'  UB  “  g  JQ  "V  v-^2'  QZ  (2<21) 


The  strain  energy  due  to  the  Winkler  type  elastic 
foundation,  is  given  by 


B3-  I  {*,«>**» 


(2.2j) 


Hence,  the  total  strain  energy  U,  at  any  instant  t  be- 


comes 


”  - v v3-i  { 


aa,<-3%)S+ 


dz  (2.2) 


The  kinetic  energy  of  rotation  of  the  cross  section  at 
the  corresponding  instant  is  given  as: 


|  Jpy^)8  az 


(2.3) 


where  Ip  is  the  polar  moment  of  inertia  of  the  cross  section  and 


^  the  mass  density  of  the  material  of  the  beam. 


The  potential  energy  due  to  the  external  time-invariant 
axial  compressive  load,  P,  acting  at  the  centroid  of  the  cross 
section  at  the  corresponding  instant  is  given  by 


i  L 

W  =  \  /  — * 
*  o  A 


acfx2 


dz 


(2.4) 


where  A  is  the  area  of  the  cross  section. 


V 
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Substituting  for  U  and  ff  from  equations  (2.2)  to  (2.4) 
respectively  in  equation  (2.l),  talcing  the  variations  of  the  in¬ 
tegrand,  and  integrating  the  first  term  by  parts  with  respect  to 
t  and  the  next  four  terms  with  respect  to  z,  one  obtains: 


S1  f 

*o  0 


(00  -  -^|  -  EC -  K.0  -  PI  -^1 

3  A  az2  waz4  t  P  3? 


60  '* 


dz  dt 


*■  •  C  *°»  6  ( 


dt 


.  > /(so 

t0 1  8  A  dz  w  az3 


¥ 


dt  =  0 


(2.5) 


Assuming  that  the  values  of  0  are  given  at  the  two  fixed  instants, 
the  second  integral  vanishes.  If  the  boundary  conditions  are  such 
that  the  third  and  the  fourth  integrals  also  vanish,  then  the  as¬ 
sociated  differential  equation  of  motion  is  given  by: 


(GO 


- 3° i? - # -  * ' -  (’ip-0  =  o  (2-6) 


2.4  (a)  NATURA1  BOUNDARY  CONDITIONS: 


In  deriving  the  basic  differential  equation  of  motion  (2.6) 
from  (2.5)  it  was  assumed  that  the  expressions 


EC  S(^) 

w  a_2  'oz' 


( 
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and 


(GO  -  -  EC  -2S 

B  A  °2  W  gs3 


vanish  at  the  ends  z  D  0  and  z  s  L*  These  conditions  are  satisfied 
if  at  the  two  ends 

'  9 

and 

PI_  m  a3^  I 

¥  =  o  (g.e) 


,  «  s  («)  ■  0, 

O7 


(2.7) 


(GO  -  ^E.)  M  _  EO 

s  A  Qz  W  a  3 


Equation  (2.7)  and  (2.8)  give  the  natural  boundary  conditions  for 
the  finite  bar,  and  are  satisfied  if  the  end  conditions  are  taken 
as 

aZf. 


(l)  0  =  0  and  =  0 

0Z2 


(2.9) 


These  conditions  imply  restraint  against  rotation  but  not  against 
warping;  that  is,  the  end  of  the  bar  does  not  rotate  but  is  free 
to  warp.  This  is  the  case  of  a  * ’Simple  Support1 ’ . 


(2) 


0  =  0  and  =  0 


(2.10) 


These  conditions  imply  restraint  not  only  against  rotation  but  also 
against  any  warping  of  the  end  cross  section.  This  means  that  the 
end  of  the  bar  is  built-in  rigidly  so  that  no  deformation  of  the 
end  cross ■ section  can  take  place.  These  conditions  define  a 
’ T Fixed  Support* 1 . 


M  0  =  0  and  ^  -  EC„  0  -  0 


(2.11) 
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These  conditions  imply  no  restraint  of  any  kind  at  the  end  of  the 
bar.  This  requires  that  the  bending  moment  in  the  flange  ends 
and  torque  acting  on  the  end  cross  section  must  be  zero.  These 
conditions  correspond  to  a  "free  end1'. 


or  equivalently 


|f  =  0  .and  -^1  =  0  (2.12) 

*  The  latter  conditions  imply  no  warping  and  zero  shear 
forces  in  the  end  flanges. 

These  conditions  are  useful  for  finding  symmetric  modes 
of  vibration  in  simply  supported,  fixed-fixed  and  free-free  beams. 

.(b)  T UflE-DEPKNDENT  BOUNDARY  QOHDITIOHa : 


The  homogeneous  boundary  conditions  discussed  above,  give 
the  free  vibrations  of  bars,  for  forced  vibrations  produced  by 
the  motion  of  boundaries,  appropriate  time  dependent  end  conditions 
are  given  by  prescribing  at  each  end  one  member  of  each  of  the 
products : 


Of  the  many  conditions  thus  obtained,  the  following  are  of 
more  theoretical  interest? 
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1.  Twisting  moment  T^  proscribed,  flange  bending  moment  M  =  0  or 

if  38  °» 

2*  0  or  prescribed,  flange  bending  moment  M  =  0  or  ^  =  0, 

3,  Flange  bending  moment  M  prescribed,  twisting  moment 
Tt=  0  or  0  m  0, 

,  daf 

4.  oz  or  "Salt"  Preacri“ed»  twisting  moment  T^.-  0  or  0  =  0. 

In  the  case  of  semi -infinite  beams,  conditions  need  be  pres¬ 
cribed  at  one  end  since  all  physical  quantities  at  any  instant  are 
zero  at  the  far  end. 

2.5  ANALYSIS  Off  VARIOUS  TERMS; 


i) 


(2.13) 


ii) 


1^=  P  =  0  and  G^=  0,  Bq.(£.6)  reduces  to 

gc  —  Pi  =  o 
8  8Z2  P  ats 

This  equation  represents  Saint  Venant's  torsion  theory 
for  slender  beams  and  does  not  Inolude  warping  of  the 
cross-section  shear  deformation  and  or  longitudinal  iner- 
tia  effects.  It  is  given  in  Love  (  7fe)  and  is  discussed 
by  Gere  (  'M  ). 

if  P  =  0,  Eq.  (£.6)  reduces  to 


GC 


»*g_BO_»!g-PIJ>?g-0 


(2.14) 


8  3z2  “”w  az3  '  at2 

This  equation  represents  TimoshenJco's  torsion  theory  which 
includes  the  effect  of  warping  of  the  cross  section  and  has 
been  treated  in  detail  by  Gere  (3  <l). 


1 
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(iii)  If  Kj.=  0,  Eq.(2.6)  reduces  to 


(iv) 


(go  -  5*)  -  bo  -  Pi  ifg  - 


s  A  az2 


w  9Z4  P  at2 


(2.16) 


This  equation  represents  the  effect  of  an  axial  time- 

y 

invariant  compressive  load  added  to  Timoshepo f s  torsion 
theory. 

If  P  =  0,  Eq.(2.6)  reduces  to 


GC 


-ec  Pi  ^  = 

az2  w  *-4  &  T»  ^2 


at" 


(2.16) 


This  equation  represents  the  effect  of  Winkler  type  con¬ 
stant  modulus  elastic  foundation  added  to  Timoshenko  Tor¬ 
sion  theory. 


2.6  N0N-D3MENSI0NALIZATI0N  AND  GENERAL  SOLUTION  OP  EQUATION  OP 

MOTION ;  For  mathematical  simplification,  it  is  convenient  to 
to  reduce  Eq.(2.6)  to  a  non-dimensional  form,  simultaneously  in¬ 
troducing  some  dimensionless  parameters  having  physical  interpre¬ 
tations. 


Introducing,  Z  =  z/L,  the  non-dimensional  beam  length,  and 
EO  1/2 

*1“  — V  the  dimensionless  time  variable ,  Eq.(2,6)  In  non- 

'V 

dimensionless  form  can  be  written  as: 


(2.17) 


>  warping  regidity  parameter, 


(2.18) 
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and 


PIpL2 
=  “°w  ’ 


axial  load  parameter, 


5£_ 

4B0. 


foundation  parameter, 


(2.19) 


(2.20) 


The  general  solution  of  Eq.(2.17)  can  be  obtained  by  using 

D't 

the  standard  method  of  separation^ variables.  Thus,  by  taking  $  in 
the  form 

0  =  X  (Z)  T  (tx)  (2.21) 

and  then  substituting  into  Eq.(2.17),  separating  the  variables, 
and  setting  the  resulting  expressions  equal  to  ~An2»  we  obtain 

T  =  ^  OOsAn  \+  Bn  sin  n  tx  (2.22) 

f 

The  expression  for  a  normal  mode  of  vibration  is  then 

0  =  X  (i^  cos  A  n  tx+  Bn  sin  A  n  t^  (2.23) 


in  which  X  is  the  normal  function  giving  the  shape  of  the  mode 
of  vibration  and  /\  n  is  the  dimensionless  torsional  frequency 
parameter  given  by 


x2 


VyV 


n 


EC 


(2.24) 


Where  Pn  is  the  natural  frequency  of  vibration  in  radious  per 
unit  of  time.  Any  actual  motion  of  the  vibrating  beam  can  be  ob¬ 
tained  by  a  summation  of  normal  modes,  so  that  in  the  general  case 
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0  =-A  cos  A*  v  B*  8inXn  ti) 


(2.25) 


in  which  the  coefficients  and  are  found  from  the  initial 
conditions  of  the  vibration. 

The  equation  for  determining  the  normal  function  X,  found 
by  substituting  Eq.(2.24)  into  the  differential  E^.(2.17),  is  then 


O  .  (k2_  a8)  a!|  +  (4i2.  S,  x  =  0 
dz*  n 


dZ 


(2.26) 


The  general  solution  of  this  equation  may  be  found  by 
taking  the  normal  function  X  in  the  form: 


X  -  dV'Z  , 


(2.27) 


which  yields  the  auxiliary  algebraic  equation: 

07  4-  (K2-iA,2)'r|2+  (4j2-A2)  »  0 
The  four  roots  of  the  equation  are 


(2.28) 


'I  l"  +  °1»  'r/g  "  “  V  l/3  "  +  Lh*  V 4"  ~  (2.29) 

in  which  and  are  the  positive,  real  quantities  given  by 


(l/f2)  ^(K2- &2)  +  [(K2-^2)2+  4 (A2-  4^)| 


1/2 


and 


1/2 


(2.30) 


h-  [(KS-^)2.  40,8  -  4^)]1/8]l/£  (2.31, 


The  general  solution  of  Eq.(2.26)  then  becomes  either 


} 


X  =  D. 


,  +«4  Z 


1“  ,*  “  aiZ  v  +  1P..Z  ,  _i8  z 

6  +  D2  9  +  D3  9  1  +  D4  e  1 
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or 


X  **  E^oosh  a^Z  +  Dg  sin  ha^Z  +  cos  f^2  +  sin  £^3  (2,32) 

There  are  four  orbitrary  constants  in  this  expression  which 
must  be  determined  so  as  to  satisfy  the  particular  boundary  condi¬ 
tions  of  the  problem,  For  any  beam  there  will  be  two  boundary  con¬ 
ditions  at  each  end  and  these  four  conditions  determine  the  frequency 
equation  and  the  ratios  of  three  of  the  constants  to  the  fourth 
constant.  Solving  the.  frAnuejiay  anpaidoru  than,  tha, 

clpaX  frequencies  of  yibration.  With  the  frequencies  and  normal 
functions  determined)  the  solution  is  essentially  complete* 

£.v  fhequengy  equations  and  model  functions: 

In  this  see t ion f  frequency  equations  and  mode  shapes  for 
some  special  cases  are  are  established.  Gere's  results  (03 i-)  are 
obtained  for  the  special  case  zi2=  ?e=  O.  Because  of  the  comple¬ 
xify  of  the  frequency  equations,  the  discussion  of  the  results  is 
limited  to  the  case  of  simply  supported  beam. 

BOUND AgY  0 ONI) 1 1  ION 5  :  In  section  (2. 4a)  natural  boundary  conditions 
were  discussed.  By  combining  these  conditions  in  pairs,  many  types 
of  single-span  beams  can  be  analyzed.  In  terms  of  non-dinumnion&l 
parameters,  the  boundary  conditions  can  be  written  as: 

1.  Simple  Support: 


(2*33) 


2,  Fixed  Support: 


(2,34) 
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3.  Free  End: 


^£-0,  (K2- A2)  §  -  ^  "  0 

dZ*  dZd 


(8.35) 


Before  we  proceed  to  derive  the  frequenoy  and  Normal  mode 
equations  for  varioun  oases,  from  Bquationn  (2.30)  and  (8.31 )  we 
obtain: 

cc2  =  (K2-  A2)'  +  (2.36) 

and 

A®  “  aj  P%  +  4i2  (2.37) 

If  in  case,  the  beam  la  not  vibrating  and  only  elaatlo 
torsional  buckling  is  to  be  investigated  the  expressions  for 
and  ^  from  Equations  (2.30)  and  (2.31)  reduce  to: 

1/2  )  1/2 


and 


o1  -  (1/V2)  J^K2-/^2)  + 


(K2-  z2)2-  16 J 2 


(2,38) 


2 1 1/2  "1  1/2 


I 


(2.39) 


^  =  (l/f2)  f-(K2-/^2)+  Uk2-/2)2-  16 J 

l 

The  following  frequency  equations  which  we  derive  for 
various  cases  are  also  useful  in  finding  the  torsional  buckling 
loads  when  the  reduced  Equations  (2.38)  and  (2.39)  are  used  for 
and  respectively.  In  this  case  the  following  relations  jto 
be  used: 


and 


«1  *-«*/  If 

(2.40) 

A®  -  K2,  ^  -  a2 

(2.41) 

8*7.1  SIMPliY  SUPPORTED  BEAM  : 

Ihis  is  the  simplest  case  which  admits  complete  analyti¬ 
cal  treatment.  An  example  is  a  beam  supported  by  framing  angle 
connections  at  the  two  ends.  These  beams  are  used  in  building 
construction  and  therefore  are  of  practical  importance. 

The  boundary  conditions  from  Equations  (2.33)  are: 

X  =  d2Vd3®  =0  at  Z  =  0 

and.1 

X  =  aSVdZ2  '=  0  at  Z  =  1 


For  the  conditions  at  Z  =  0,  Equation  (2.32)  gives: 

V  Bj»  0, 

and  D^ta2  +  p2)  =  0. 

Since  the  secular  determinant  a^+  p2  f  0,  it  follows  that 
Dl=  D3=  0  ’  (2.42) 

From  the  second  pair  of  conditions.  Equation  (2.32)  gives: 

D2  sinh  a1+I>4  sin  p±  «  0,  (8.43) 

and 


Dg  a  sinh  a±-  D4  p2  sin  =  0 


(2.44) 


For  a  non-trivial  solution,  the  seoular  determinant  must 
vanish.  This  gives  the  charactereBtic  equation 

(“l  +  $])  sinh  Gi  sin  P1  =*  0 


J 


0 
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2  2  / 

Since  f  0,  and  ainh  /  0,  we  obtain  the  frequency  equa- 

tion  for  this  oase  as: 

Sin  Px=  0  ,  (2.45)  ... 

Prom  Equation  (2.45)  w©  have, 

\  =  nn,  n  =  1,2,3 .  (2.46) 

This  ia  the  frequency  equation  for  a  aimply  supported  beam  and 
by  using  the  relations  (2.36)  and  (2.37),  we  find  the  expression 

for  the  frequency  parameter  as: 

■V\ 

I  n2n2(n2it2  +^-^2)  +  4  H  2  \^Z  (2.47) 

Sinoe  sin  (^"0,  we  find  from  Equation  (2.43)  or  (2.44)  that 
■Dg=  0.  Hence  the  model  function  is 

X  =  D4  sin  nnz  (2.48) 

The  complete  expression  for  the  angle  of  twist  0  is  obtained  by 
summing  up  the  normal  modes,  so  that 

OO 

0  =  J^sln  oo>  xnt1+  Bn  sin^) 

in  which  ^  and  Bn  are  determined  by  the  initial  conditions. 

Gere  (-^>  l)  studied  the  influence  of  warping  parameter  K, 
and  concluded  that  it  increased  the  frequency  of  vibration  as 
warping  increases  the  stiffness  of  the  bar  against  rotation.  For 
small  values  of  K,  which  means  Cw  i3  relatively  large,  the  effect 
of  warping  is  considerable  and  must  be  taken  into  account.  For 
large  K,  which  means  Cw  i8  relatively  small,  the  warping  effect 


T 


1 


is  also  small  and  may  "be  neglected  in  many  cases. 


To  estimate  the  individual  influences  of  axial  load  and 
elastic  foundation,  Equation  (2.47)  can  be  reduced  in  the  follow¬ 
ing  manner. 


(a)  If  the  effect  of  axial  load  alone  is  to  be  studied,  by  putting 
^  =0,  we  obtain 


=  nn(  n2*2 


(2.49) 


(b)  If  the  influence  of  elastic  foundation  alone  is  to  be  investi- 

/ 

gated,  by  putting  A.  =  0,  we  get 


n2ns  (nZns  +  K2 )  +  4  ^  2 


ll/2 


(2. 60) 


(c)  If  the  both  the  effects  of  axial  load  and  elastic  foundation 
are  to  be  neglected,  by  putting  /\  =  0  and  7^  =  0,  we  obtain  the 
equation  that  was  derived  by  Gere  (3 h)  as: 


(n2x2  +  K2) 


1/2 


(2.5l) 


Denoting  by  r^  the  ratio  of  the  frequency  of  vibration 
with  axial  load  alone  considered,  Equation  (2.49),  to  the  frequency 
with  axial  load  also  neglected,  Equation  (2.5l),  we  obtain 
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n2it2+  K2 


1/2 


(2.52) 


Similarly,  denoting  by  r2  the  ratio  of  the  frequency  of  vibration 


43 


with,  elastic  foundation  alone  considered,  Equation  (2.50),  to 
the  frequency  with  elastic  foundation  also  neglected »  Equation 
(2.51 ),  we  obtain 


4  i 


1  + 


n27t2(nExc2+  K2) 


1/2 


(2,83) 


!o  find  the  combined  influence  of  axial  load  and  elastic 
foundation,  let  us  denote  by  the  ratio  of  the  frequency  of 
vibration  with  both  axial  load  and  elastic  foundation  considered, 
Equation  (2.47),  to  the  frequency  with  both  axial  load  and  elas¬ 
tic  foundation  neglected,  we  obtain 


X  A 

A  3 


4  jjg-  ngn:gAa 

n2Ti2(n27i2  +  K2) 


(2.54) 


Pig. 2. 2  shows  the  variation  of  r^  with  A,  for  values  of 
K  =  0.1,  1.0  and  10,0  for  the  first  fundamental  mode  of  vibration, 
fhe  effect  of  axial  load  is  to  decrease  the  frequency  of  vibration, 
since  the  axial  load  decreases  the  stiffness  of  the  bar  against 
rotation.  Por  small  A  ,  which  means  axial  load  5  is  relatively  .’ 
small,  the  effect  of  axial  load  is  snail  and  for  large  A ,  which 
means  I1  is  relatively  large,  the  effect  of  axial  load  is  quite 
considerable , 

Pigs. 2. 3  and  2.4  show  the  variation  of  rg  with  "3  ,  for 
values  of  K  =  1  and  10  respectively,  for  the  first  three  modes  of 

.  l?vl 

vibration.  The  effect  of  ^elastic  foundation  is  to  increase  the 
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L  t 


froquono y  of  Titration,  as  the  elastic  foundation  increases  the 
stiffness  of  the  bar  against  rotation.  For  small  ^  ,  which  means 
foundation  modulus  is  relatively  small,  the  effect  of  elastic 
foundation  is  small  and  for  large  >?  ,  which  means  is  relatively 
large,  the  effect  of  elastic  foundation  is  r^uito  considerable. 

Fige*2.5  and  2.6  show  the  variation  of  r3  with  A  and  ^  , 

for  values  of  It  =  1  and  10,  for  the  first  fundamental  mode  of 
vibration.  The  combined  effect  of  axial  load  and  elastic  founda- 

i 

tion  is  the  algebraic  sura  of  individual  influences  which  are  ac¬ 
tually  opposite  in  nature.  For  a  value  of  2  =0.25  n2!!2^2, 
the  combined  influence  of  the  axial  compressive  load  and  elastic 
foundation  on  the  torsional  frequency  becomes  zero.  It  can  also 
be  noticed  from  Equation  (2.53)  that  the  influence  of  elastic 
foundation  decreases  for  higher  modes  of  vibration. 

When  the  beam  is  not  vibrating,  ie. ,  A  =  0,  we  obtain 
from  Equation  (2.47),  the  expression  for  torsional  buckling  load 
(n=l )  as , 

A  cr  =  *8+  K®+  (4A2)£S  (2.55) 


To  show  the  influence  of  elastic  foundation  on  the  tor-  , 
sional  buckling  load,  let  us  define  by  r^,  the  ratio  of  the  buck¬ 
ling  load  when  elastic  foundation  is  considered,  to  the  buckling 

i 

load  when  elastic  foundation  is  neglected. 


4^  2 


1  + 


Jt2(it2+  K2) 


(2.56) 
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Prom  the  ahore  Eg- (2.56)  and  Fig*2*7,whiQh  ahow3  tha  varia- 
tion  of  with  for  values  of  K  =  0.1,  1.0  and  10.0,  it  oan  be 
observed  that  in  the  case  of  torsional  buckling  also  the  effect  of 
elastic  foundation  is  to  increase  the  buckling  load,  as  the  ela¬ 
stic  foundation  increases  the  stiffness  of  the  member  against 
rotation.  The- influence  of  the  warping  parameter  K  is  also  to  in¬ 
crease  the  buckling  load.  But  relatively,  the  effect  of  warping 

parameter  is  more  pronounced  than  that  of  elastic  foundation. 

{ 

2.7.2  FIXED-FIXED  BEAM ; 

In  the  oase  of  a  beam  which  is  built-in  rigidly  at  both 
ends,  the  boundary  conditions  are: 


and 

x  - 

S£  =0 

dZ  u 

at 

o 

n 

KJ 

■  e 

Y 

'  -  \ 

X  = 

O 

El 

8|§ 

at 

8-1 

Applying  the  boundary  conditions  to  the  general  solutions, 
Eq,(2.32),  frequency  equation  can  be  obtained  as, 


2-2  cosh 


(«?-  P?) 

oos  P1  +  — ~ - *-  sinh  a.  sin  P.  = 

°ih  1  1 


0 


The  modal  function  then  becomes, 

X  »  D^ Coosh  c^Z  +  P1r!1sinh  o^Z  -  cos  p±z  -  ot^  jsin  P1z) 
where 


cos  P^-  cosh  a1  P^sin  P^  +  a^ginh 

^sinh  a^-  a^sin  ^  ~  (0cs  cosh  ) 


(2.57) 


(2.58) 


(2.59) 
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2'7‘3'  FIXED  AT  ONE  BMP  AM?  SIMPLY  SUPPORTED  AT  TW  rmrep  . 

With  the  end  Z  =  0,  taken  as  the  simply  supported  end, 

and  the  end  Z  -  1  as  the  built-in  end,  the  boundary  conditions 
are : 

2 

x  =  a  0  at  Z  a  0, 
dZ2  ’ 

* 

and 

X  3  §  3,0  at  z  =  l. 

Ihe  frequency  equation  in  this  case  becomes 


?!  tanh  c^-  a±  tan  ^  =  o 

(2.60) 

The  modal  funotion  then  is 

X  «  Dg(8inh  fl^Z  -  yj2  sin  ftlz) 

(2.61) 

where 

•Yi  __  sinh  cosh  a1 

sin  h  ?!  cos  ?! 

(2.62) 

2 ‘7.4.  CANTILEVER  BEAM  WITH  WARPING  Uerto  a  Trsnm . 

Por  a  cantilever  beam  built-in  rigidly  at  the  end  Z=0 
so  that  warping  ia  completely  prevented,  and  with  a  free  end  Z 
at  Z  =  1,  the  boundary  conditions  are: 


and 


i" 


■  !fl|j 

■ 


x 


dX 

dZ 


0  at  Z  =  0 


1 
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.'(K8-a.2)S-^S.O  at  2  -1 

azg  as3 


2  + 


The  frequency  equation  for  this  beam  can  be  obtained  aa: 

(2.63) 


„4  .  p4  rt2  a2 

®1+  "l  al“  "l 

— = — cosh  a.  cos  P.  + - 

a®  1  1  a,  p 


simh  sin  P^  »  0 


*1  H1  -  (  , 

I 

The  modal  function  then  'becomes , 

X  =  D^(cosh  o^Zt-  P^gginh  a^L  -  cos  P^Z  -  a^3sin  P^Z) 
where 

a.  sin  p.-  p,  sinh  a. 
iT]  _  ■  ■■  1" . - . *  '  '  |  '  -— -■»»  H 

3  cos  Pj^t  P^  con  a1 

ft  p 

P^  cos  P^  +  ctjf  cosh 
a^PlCPiSln  P1+  c^sinh 


(2.64) 


(2.65) 


2.7.5.  CANTILEVER  BEAM  WITH  UNRESTRAINED  WARRING-: 


In  the  previous  case,  a  cantilever  beam  was  considered  in 
which  the  supported  end  was  fixed  and  offered  complete  restraint 
against  warping.  A  cantilever  beam  may  also  be  supported  in  a 
manner  such  that  warping  is  free  to  occur  at  the  supported  end. 

An  example  is  a  cantilever  beam  supported  by  the  ordinary  fram¬ 
ing  angles  and  moment  resistant  connections  used  in  building  con¬ 
struction.  With  regard  to  torsion,  such  a  support  offers  restraint 
against  rotation  but  not  warping  and  hence  is  a  simple  support. 

It  is,  of  course,  a  fixed  support  with  regard  to  bending. 

,  .  Thus,  for  a  cantilever  simply  supported  at  one  end  and 

free  at  the  other,  the  boundary  conditions  are! 
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a®  tsfah  Oj-  P3tan  “  0 
Ihe  modal  function  in  this  case  becomes , 
X  =  Dg(sinh  oc^Z  +  sin  f^z) 

where 

^  B  aisinl1  aj_  P^cosh 

4  P^ain  P.^  cc^cob  P1 


Cs.es) 


(2.67) 


(2.68) 


2.7.6.  Beam  wieh  pbee  taros : 


In  the  case  of  a  beam  which  is  free  at  both  ends,  the 
boundary  conditions  are! 

d*£  =  (jfi  AZ)  M  n  *  -  „ 

dZ£  (K^A  >  dZ  “  ^3  =  0  at  Z  =  0 

and  ■ 

£^2  .  (I!.»8|S!  -n  .  .  . 

aZ2  =°  ■*<=! 

!£li0  frequency  equal: ion  for  this  case  becomes, 

2  -  2  ooah  Vos  ?1+  ainh  ^  >la  ^  .  0  (S.M) 


■  -- 


2  -  “  =  0  at  Z  =  0 

&Z*  ’ 

and  ■' 

^|  =  (Ka-As)S.^.o  rtj.i 

dz*  AZ  az3 

n 

Applying  the  above  boundary  conditions,  the  frequency 
be  obtained  as. 


equation  can 


G5 


Tha  modal  function  therefore  baoomoo 
X  =  3^  (cosh  a^Z  +  ^igSinh  a^Z  +  (cCj/Pl^)2  cos  P^Z 

+  (  flin  fi|Z) 

-  where 

^  a^(cos  Pj_-  cosh  a^)  P^sinh  a^+  a®  sin  p.^ 

,  ®  a^sinh  a^-  P^sin  P)  P^(cos  P^-  cosh  a^) 

2.8.  RESULTS  A1JD  DISCUSSION: 


(8.70) 


(2.71) 


f  The  frequency  equations  derived  in  this  section  for  vari¬ 

ous  combinations  of  boundary  conditions  are  highly  transcendental 
in  nature  and  can  be  solved  only  by  lengthy  trial -ana-error  proce¬ 
dure,  As  is  stated  earlier  tlio  oauio  frequency  equations  can  be 
used  to  obtain  the  Elastic  Torsional  Buckling  loads  for  various 
end  condition  but  with  the  only  difference  that  for  (x^  and  , 
Equations  (3.38)  and  (3.39)  are  to  be  used  in  conjunction  with 
Equations  C2,4Q),  (£.4l)  and  tile  corresponding  frequency  Equation. 

i 

A  computer  program  has  been  written  in  Fortran  IV  for  solution  of 

i 

the  above  Frequency  equations  on  IBM-1130  computer  at  the  Computer 
Center,  Andhra  University,  Waltair-  Typical  results  for  simply 

w 

supported,  fixed-fixed  beam  and  beam  fixed  at  one  end  and  simply 

supported  at  the  other  for  the  fundamental  mode  (n=l)  for  values 

of  K~ a  and  10  are  presented  in  Figs,  3.8  to  8,lg  showing  the 

combined  influence  of  axial  load  (A)  and  Elastic  foundation  f/). 

The  individual  influences  also  can  be  easily  observed  from  these 

graphs.  FigsX#  and  ^  Lhow  the  variation  of  the  fundamental  tor- 

.  i- 

sional  frequency  parameter  A^(n=l),  for  a  simply  supported  beam, 
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with  various  values  of  load  parameter  A  and  foundation  parameter 
^  for  values  of  K  ■  l  and  10  reoiiaotively.  I'ign.g.io  and  e,ll 
show  the  results  for  fixed -fixed  benm  and ,  the  romil-ts  oorrasron- 
ding  to  a  beam  fixed  at  one  end  and  simply  supported  at  the  other 
are  shown  in  Pigs, Z. 12  and  £.13. 

It  can  be  observed  from  these  graphs  that  the  values  of 
the  critical  buckling  loads  for  various  values  of  V  can  be  ob¬ 
tained  from' the  graphs  for  /\  =  0  ie . ,  from  the  axis  on  which 

f  ~tY  ^  ft 

is  taken.  WhanAhe  axial  load  ii-u-not- existing,  the  values  of  the 
frequency  parameter  /Vean  be  obtained  from  these  graphs  for A  =  0 
ie.,  from  the  vertical  axis  on  which  A  is  plotted  for  various  ■ 

'  values  of  S'  .  The  combined  influence  of  the  foundation  parameter 
*  and  the  load  parameter  A  can  be  observed  from  the  graphs  to 
be  due  to  the  interaction  between  the  individual  influences  on 
the  frequency  of  vibration,  which  are  interestingly  opposite  in 
nature.  Independently  a5  the  load  parameter  increases  the  fre¬ 
quency  parameter  decreases  to  zero.  In  the  absence  of  axial  load, 

■  the  frequency  increases  for  increasing  values  of  J?  .  It  can  be 
therefore  concluded  that  the  combined  influence  of  foundation 
and  load  parameters  is  the  algebraic  Bum  of  the  individual  influ¬ 
ences  on  the  frequency  of  vibration. 

s’9,  Approximate  solutions  by  gaierkih’s  teohni^u-r: 

Except  for  the  simply-supported  beam,  the  frequency 
equations  for  other  boundary  conditions  derived  in  the  above 
sections  (g.7)  and  (2.0)  can  be  observed  to  be  highly  transcendental 
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and  are  solved  on  a  digital  computer  only  by  lengthy-trial  and 
error  method .  An  attempt  hag  been  made  in  this  section  to  derive 
approximate  expressions  for  the  torsional  frequencies  of  fixed 
end  beam  and  of  a  beam  fixed  at  one  end  and  simply  supported  at 
the  other,  utilizing  the  well  known  Gnlerkin'a  technique (  77). 

2.9.1,  FIXED  BHD  BEAM : 

The  boundary  conditions  for  a  beam  fixed  at  both  ends,  ^<5 
Z=1  are  given  by 

dX 


and 


X  =  ft=0  at  Z  =  0 


X  =  g  =  0  at  Z  =  1 


To  satisfy  the  above  boundary  conditions,  the  normal  fun¬ 
ction  X  in  this  case  can  be  assumed  in  the  form 


X  =  E  B  (l-  cos  2n%  Z) 


n=l 


n 


(2*72) 


Substituting  Equation  (2*72)  in  the  differential  equa¬ 
tion.  (£.26),  orthogonal is lug  the  resulting  error  with  the  assumed 
function  given  by  Equation  (2,72)  and  integrating  the  obtained 
expression  ovor  tho  whole  length  of  the  be&w,  the  axpresaion  for 
the  frequency  parameter  X*  can  be  obtained  as, 


x  = 


(n87t2/3)(4n2Tt2+  k2_Y2)+A2 


1/2 


(2. 73) 


In  arriving  Equation  (2.73),  only  one  term  of  the  infi¬ 
nite  series  of  Equation  (2.72)  is  utilized.  Hence,  Equation (2. 73) 
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gives  an  upper  bound  for  the  natural  frequency  parameter 

By  putting  A  =  0,  and  n  =  1,  in  Equation  (2.73)  the  ex - 
pression  for  the  buckling  load  parameter  Z\Jrt  for  the  fixed  end 
beam  can  be  obtained  as 

A  -j=  4ji2+  X?+(z/n2)  i2  (2.74) 

2.9.2.  BEAM  FIXED  AT  ONE  BUD  AltD  SIMPLY  SUPPORTED  A'!  THE  OTHER: 

The  boundary  conditions  in  this  case  are : 
X=|f=°atz=0 

and 

x  -  ilaO  at  2  =  1 

az*1 

The  normal  function  satisfying  the  above  boundary  condi¬ 
tions  can  be  assumed  in  the  form 

X  =  2  C  (eoa  vr  Z  -  cos  ^  Z)  (2.75) 

n<  a  a  a 

*  . 

jrt  1 

Substituting  Equation  (2,76)  in  the  differential  Equa¬ 
tion  (2*26) r orthogonal izing  the  resulting  error  with  the  assumed 
function  given  by  Equation  (g.75)  and  integrating  the  obtained 
expression  over  the  whole  length  of  the  beam,  the  equation  for 
the  frequency  parameter  7\  can  be  obtained  as, 

X  “  | U25  n27i2(2.05  n2lt2+  K8-  AS)+  (2.76) 

liquation  (2.76)  also  gives  an  upper  bound  for  the  natural  torsional 
frequency  parameter  as  only  one  term  of  the  infinite  series  of 

'  ' '  ii 


G5 

Equation  (2.75)  is  utilised  in  obtaining  the  solution. 

By  putting  ^  =  0  and  n  -  I,  in  Equation  (2,76),  the  ex- 
presoion  for  the  buolding  load  parameter  Aor  i  for  the  beam  fixed 
at  one  end  and  simply  supported  at  the  other  can  be  obtained  ag 

A  or  =  2.05  nS+  V?+  (Z.Z/nZ)i  2  (2.77 ) 


Tables  2,1  and  2,2  show  the  comparison  between  the  exact 
results  (obtained  by  digital  computer)  and  the  approximate  results 
(obtained  by  Galerkin's  technique)  of  the  frequency  parameter  ^ 
for  the  first  mode  of  vibration  (n-l)  of,  fixed  end  beam  and  a 
beam  fixed  at  one  end  and  simply  supported  at  the  other  respectively, 
The  agreement  between  the  results  is  quite  good. 


2.9,3,  Jj BUTTING  CONDITIONS: 


The  limiting  conditions  at  which  the  combined  influence 
of  the  axial  compressive  load  and  elastic  foundation  on  the  tor¬ 
sional  frequency  becomes  zero,  for  some  cases  are  as  follows? 

l)  Simply-Supported  Beam:  From  Equation  (2.4?)  the  limit- 
ting  condition  in  this  Gase  becomes. 


Si  =  0.5  nit  A  (2.78) 

2 )  Fixed -End  Beam:  From  Equation  (2.73)  the  limlt/ing 
condition  in  this  case  is 


V  =  0.574  nit  A 


(2.79) 


Oomparlgon  between  exact  and  approximate  values  of  A  ^  for  the  first  mode  of  vibration  of 
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3  ^  — eam  f a~t  one  end  and  Simply  Supported  at  the  other ; 

l''rom  Equation  (8.70)  the  limiting  condition  for  this  case  can  bo 
o  1)  Ifalufcjit  aa 

h  =  0.559  nit  A..  (2.80) 

Tor  t/hg  above  relatione  in  various  oases  "between  *?  and  A  , 
it  is  really  intereoting  to  note  that  there  will  be  no  influence 
of  these  two  effects  on  the  torsional  frequency  of  vibration. 

This  is  because  of  the  opposite  nature  of  their  individual  effects 
and  these  individual  effects  get  nullified  at  these  limiting 
conditions  for  varioun  oaeoa. 

2.10,  R5MA3KS: 

It  must  be  recalled  here  that  the  analysis  presented  in 
this  chapter  neglects  the  effects  of  longitudinal  inertia  and 
shear  deformation  which  are  of  importance  if  the  effects  of  cross 
sectional  dimensions  on  frequencies  of  vibration  are  desired. 

Henoe,  this  analysis  is  valid  for  lengthy  beams,  ie.,  for  beams 
whose  cross  sectional  dimensions  are  quite  small  compared  to  the 
length.  These  second  order  effects  such  as  longitudinal  inertia 
and  shear  deformation,  therefore,  profoundly  influence,  the  fre-  . 
quenoies  of  torsional  vibration  at  higher  modes  and  the  propaga¬ 
tion  of  short  wave  length  waves.  These  effects  are  taken  into 
consideration  in  the  analyses  presented  in  the  fe^chapters.  1 


mina  BMnMiutfAJjTsrg  OF  rORfllOMAL  VIBRATIONS  AH'JJ  STABILITY 
OP  1EM(jTHY~  THIN -WALLED  BEAMS  ON  ELASTIC  P CUM) AT  ION* 


3.1.  INTRODUCT IQN : 

In  Chapter  II  the  title  problem  is  fully  analyzed  from  a 
purely  mathematical  approach.  This  approach  provided  us  with 
exact  solutions  for  the  problem.  One  short-coming  of  such  an 
approach  is  that  due  to  the  complex  nature  of  the  equation  of 
motion  such  mathematical  difficulties  as  non-uniform  members, 
complex  loadings,  or  arbitrary  boundary  conditions  can  not  be 
easily  handled. 


To  complement  the  exact  solutions  given  in  the  previous 
Chapter,  this  Chapter  intends  to  provide  a  means  of  obtaining  ap¬ 
proximate  solutions  to  our  present  problem.  The  technique  used 
to  obtain  the  approximate  results  is  the  method  of  ''finite'1  or 
1 1  discrete ' '  elements.  Basically,  the  finite  element  method  is 
an  extension  of  the  well  hnown  Rayl e igh-Ritz  method  in  which  as¬ 
sumed  displacement  patterns  are  specified  for  an  entire  structure. 
In  the  finite  element  technique,  the  continuous  system  is  repla¬ 
ced  by  a  substitute  system  consisting  of  a  number  of  finite  ele¬ 
ments  linked  together.  Once  the  properties: stiffness,  mass  and 


*  2art  of  the  results  from  this  Chapter  were  published  by  the 
author,  B.V.R. Gupta  and  D.L.N.Rao  in  the  Proceedings  of  the 
■J-nternational  Conference  on  Finite  Element  Methods  in  Engi- 
nearing,  held  at  Coimbatoire  Institute  of  Technology*  Ooimba^ 
tore,  India,  during  6-7  December  1974*  See  RefA4g). 
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loading  of  the  individual  elements  have  been  defined,  the  equi¬ 
librium  of  the  substitute  system  can  be  described  by  a  large 
number  of  equations,  readily  solvable  on  a  digital  computer.  > 

Many  of  the  early  advances  in  the  finite  element  method 
were  presented  in  technical  Journals,  but  recently  two  texts  have 
appeared  that  summarized  this  modem  technique  ( 93,  /f£T).  These 
texts  cover  such  varied  topics  as  plane  stress,  plane  strain, 
axisymmetric  stress  analysis,  three-dimensional  stress  analysis, 
bending  of  beams  and  structural  stability.  To  date  the  finite 
element  method  lias  been  used  to  predict  the  buckling  loads  of 
trusses,  beams,  plates  and  shells.  In  applying  the  finite  element 
method  to  these  problems  in  elastic  stability  it  has  become  neces¬ 
sary  to  derive  the  so-called  ' ' initial  stress  1  *  or  ' *  stability  co¬ 
efficient* 1  matrices  that  account  for  the  in-plane  stresses  due 
to  In- plane  loads. 

For  problems  involving  large  displacements  the  stability 
ooeffioient  matrix  has  been  termed  as  the  ''geometric  stiffness* ' 
matrix  since  it  accounts  for  the  influence  of  large  displacements 
on  the  equations  of  equilibrium.  Using  the  conventional  elastic 
stiffness  matrix  that  accounts  for  the  elastic  bending  stresses, 
the  stability  coefficient  matrix  for  small  displacements,  and 
the  mass  matrix  that  accounts  for  the  Inertial  loads,  a  matrix 
eigenvalue  problem  is  established  from  which  the  natural  frequen¬ 
cies,  critical  loads  and  mode  shapes  can  be  determined. 

Many  investigators  used  the  above  technique  to  predict 
the  buckling  loads  of  trusses  ( 9^ ),  beams  (  63),  plates  and 

I 

_ _  ,  "41 
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shells  Very  recently,  Pardoen  (  ^ o )  analyzed  static  and 

dynamic  buckling  of  tliin-walled  columns  using  finite  elements 
and,  Barsoum  (  6  )  presented  a  finite  element  formulation  for 
the  general  stability  analysis  of  thin-walled  members.  The  me¬ 
thod  has  yet  to  be  extended  to  the  analysis  of  torsional  vibra¬ 
tions  and  stability  of  lengthy  and  short  thin-walled  beams  of 
open  seat  ion  resting  on  continuous  winkler  type  elastic  founda¬ 
tion. 

Thus,  a  primary  objective  of  this  Chapter  is  to  develop, 
for  a  lengthy  thin-walled  beam  relating  on  Winkler  type  elaetio 
foundation  and  subjected  to  an  axial  time -invariant  compressive 
load,  the  appropriate  stiffness,  stability  coefficient  and,  mass 
matrices  necessary  for  a  discrete  element  torsional  vibration 
and  stability  analysis.  Further,  to  establish  the  reliability 
of  the  method,  the  approximate  finite  element  results  will  be 
compared  with  the  exact  solutions  obtained  Chapter  XI. 

3.2.  FINITE  ELEMENT  CONOEPT : 

The  use  of  finite  elements  to  solve  complex  problems  in 
structural  mechanics  has  been  well  documented  ("O.  The  method 
has  gained  acceptance  not  only  because  of  its  versatility  in 
handling  complex  structural  problems,  but  also  because  of  the 
highly  systematic  manner  in  which  the  problem  is  formulated  and 
subsequently  solved.  Essentially,  the  finite  element  method  con¬ 
sists  of  replaoing  tic  actual  continuum  by  a  mathematical  model 
composed  of  structural  elements  of  finite  size  having  known  ela- 
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etio  and  iner-fcial  properties.  These  atruotural  elements  serve 
as  building  blocks  of  the  system  whioh,  when  assembled,  provide 
approximations  to  the  static  and  dynamic  properties  of  the  ao- 
tual  system. 

The  basic  approach  in  analyzing  a  thin-walled  beam  as 
a  net  work  of  discrete  elements  can  be  summarized  in  four 
steps  (  2.6)  as  follows: 

(1)  The  continuum  must  be  separated  by  a  series  of  lines  or 
surfaces  into  a  number  of  ,f finite  elements*  * ■  For  a  prismatic 
thin-walled  member  such  as  a  thin-walled  beam,  each  finite  ele¬ 
ment  is  represented  by  a  longitudinal  segment  of  the  whole  beam. 

(2)  All  elements  are  assumed  to  be  interconnected  at  a  dis¬ 
crete  number  of  boundaries  to  atleast  one  adjacent  finite  element. 
At  each  of  the  connection  boundaries  a  nodal  point  is  designated. 
For  a  thin-walled  beam  the  nodal  point  at  the  connection  boundary 
is  the  shear  center  with  generalized  displacement e  such  as  trans¬ 
lations  or  rotations  at  this  point  comprising  the  basic  unknowns 
of  the  problem, 

(3)  The  most  important  step  in  formulating  the  finite  ele¬ 
ment  procedure  is  choosing  a  function  or  functions  to  define 
uniquely  the  state  of  displacements  within  each  finite  element 
in  terms  of  its  nodal  displacements, 

(4)  Finally f  once  the  displacement  function  haa  been  deter¬ 
mined  for  the  element  in  terms  of  nodal  displacements,  the  strain 
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ata-ba  within  each  olaraont  onn  readily  ba  found,  Typically,  for 
elastic  materials,  a  differential  relationship  exists  between 
the  displacement  and  strain  states.  The  strains,  together  with 
the  appropriate  constitutiTe  relation,  establish  the  stress  state 
within  the  element,  the  strain  energy,  potential  energy  and 
kinetic  energy  can  be  expressed  in  terme  of  its  generalized  no¬ 
dal  displacements. 

8.3.  T11BQRY  FOR  Vim?I0U3 1 

Tha  finite  element  formulation  of  the  general  atruotu- 
ral  dynamic  response  problem  results  In  the  Equation  (-2.6  ) 

MH+KR-SR*F  (3.1) 

In  Eq , (3 » 1 } t  E  is  the  1 'total  stiffness  matrix' 1  in  which  the 
coefficients  E^  gives  the  generalized  force  developed  at  point 
i  as  the  result  of  unit  generalized  displacement  R^=  i  imposed 
on  point  3 1  all  other  points  being  restrained  to  zero  displace¬ 
ment.  The  coefficient  3^  of  the  "total  stability  coefficient 
matrix* *  5  represents  the  external  load  at  coordinate  i  which 
results  in  a  generalized  displacement  R^=  1  at  point  j.  The  co¬ 
efficient  of  the  * 'total  mass  matrix"  M  represents  the  mass 
inertia  load  at  point  i  developed  by  a  unit  acceleration  R^=  1 
at  point  3,  The  matrices  E,  R  and  F  are  the  generalized  displa¬ 
cements,  accelerations,  and  loads  respectively. 

In  the  finite  element  deformation  method,  the  deforma¬ 
tions  of  the  structure  are  assumed  to  be  a  function  of  the  gene- 


rail aed  displacements.  The  (Siaplaoements  should  ho  continuous 

taei'tJHa  bsufidaslji  a  I  art  J  a  .thing  sUmahiN,  aattUmaiia  a tot*  ik4 

elements,  and  satisfy  the  displacement  boundary  oonditiona,  but 
they  need  not  satisfy  the  Cauchy  equilibrium  equations. 

Using  the  general  procedure  of  the  finite  element  method, 
the  total  struoture  is  derided  into  a  number  of  elements.  Iheee 
elements  are  connected  at  their  corner  or  nodal  points.  Consi¬ 
dering  a  typical  three-dimensional  element  IT,  the  displacements 
are  given  by 

,  U  y»  z»  t)  =  A  (x,  y,  z)  Hjj(t)  (3.3) 

where  the  elements  of  u  are  components  of  the  displacement  vector 
A  is  a  matrix  whose  elements  are  functions  of  the  coordinates  x, 
7,  and  z,  and  the  elements  of  Rff  are  the  generalized  coordinates 
for  the  IT  th  element  with  time-invariant  magnitudes.  Ihe  strains 
are  given  in  terms  of  nodal  displacements  using  the  strain-dis- 
placement  relation. 

c 

Thus, 

e  (x,y ,z,t)  =  0  (x,y,z)  RN(t)  (3t3) 

where  C  is  a  matrix  giving  the  strains  in  terms  of  the  generali¬ 
zed  displacements  R^.  Using  the  stress-strain  relation,  the 
strain  energy  can  be  obtained. 

■ Ihus , 

CT  (x,y,z,t)  =  D  (x,y,z)  6  (sty,z,t) 


(3.4) 


75 


\  w 

\ 


f 


y  •  ■  v:'  ’v: 


whore  Is  a  matrix  of  gtreeaas*  and  the  D  matrix  consist©  of 
appropriate  material  constants* 

The  strain  energy  U  is  then  given  by 


=*  4  /  eT<3~  dv 


(3.5) 


where  5  represents  the  transpose  of  the  strain  matrix  E  and  v 
is  the  volume  of  the  beam. 

Substituting  Bqs.(3.3)  and  (3.4)  in  Bq.(3.5),  the  strain 
energy  expression  becomes , 


=  !  /  **  51  t  0  K,,  IT  =  !  s£  It,  8„ 


where 


%  =*  /  ST  D  0  dv  , 

T 


(3.6) 


(3.7) 


and  is  called  stiffness  matrix  for  the  N  th  element.  Similarly 
ths  potential  energy  can  also  be  written  in  terras  of  the  genera¬ 
lised  coordinates  and  the  stability  coefficient  matrix  for  the 
IT  th  element  can  be  obtained. 


The  kinetic  energy  T  is  given  by 


I  *  %  /fu1  u  dv 

A  T 

Substituting  Eq.(3.2)  into  Eq.(3.8)  we  obtain, 


(3.8) 


1  *T  i  -  I  *£  »H  *N  • 


where 


%  -  /  P  AT  A  dv. 


(3.9) 

(3.10) 
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and  is  Dialled  the  mass  matrix  for  the  Nth  element.  The  stiff- 

I  * 

H0S0,  stability  coefficient  and  mass  matrices  for  the  complete4 
connected  structure  te  obtained  by  addition  of  the  component 
matrices*  A  given  column  of  the  matrix  consists  of  a  list  of 
generalised  forces  at  each  of  the  nodes  for  unit  generalised 

,  i 

displacement  of  a  given  node*  When  two  or  more  elements  have  a 
common  node,  forces  are  simply  added*  Thus  if  S  is  the  final 
stiffness  matrix  for  the  whole  structure,  the  elements  of  It  are 
built  as 

Eid  “  2  ^ij  V  N  =  1»2'***  (3.11) 

and  similarly 

^ij  S  ^  ^ij  ^  12  (3*12) 

“id  =  Z  *  N  “  l*2f-  (3.1S) 

Assuming  that  the  displacements  undergo  harmonic  0 so illa¬ 
tion,  then  the  displacement  vector  R-^  can  be  written  as 

RH(t)  =  rN  e1^  '  (3.14) 

where  is  a  column  vector  of  amplitudes  of  the  generalized  dis¬ 
placements  and  Pn  is  the  oircular  frequency  of  oscillation. 
Substituting  Eq.(3.14)  into  Eq, (3 .1 )  gives : 

[*  -  s]  t 1  -  4  E«1  [%]  (3.16) 

Eq*(3*l5)  represents  an  algebraic  eigenvalue  problem*  In 
this  finite  element  method,  the  matrices  ft  ]  r[S]and[Sf|wlll  be 
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usually  symmetric.  If  the  matrices  are  both  symmetric  and  posi¬ 


tive  definite,  all  eigenvalues  p^,  will  be  real,  positive  numbers 


Moreover,  the  eigen  vectors  of  symmetric  matrices  are  in¬ 


dependent;  therefore,  the  matrix  [_  rN  is  nonsingular.  Another 
useful  property  of  symmetric  matrices  is  that  if  the  eiganveotora 


are  normalised  in  such  a  way  that 


of  the  modal  matrix  is  equal  to  the  transpose,  that  is  the  modal 
matrix  is  orthogonal. 

The  eigenvalue  problem  for  large  systems  can  be  solved 
by  numerical  schemes  that  are  either  direct  or  iterative.  The 
direct  methods  are  more  general  and  are  commonly  employed,  al¬ 
though  the  Iterative  shcemeB  are  suitable  for  computations  when 
only  one;  or  a  few  of  the  eigenvalues  and  their  corresponding  eigen 
vectors  are  needed.  Among  the  various  direct  approaches  to  be 
found  in  literature  are  the  Jacobi,  Givens,  Householder  and  Q  E 
method.  Among  the  iterative  techniques  are  the  power  or  Stodola- 
Vianello  method  and  inverse  iteration.  A  discussion  of  these 
various  methods  is  given  in  Ref.( ri|  ).  In  the  present  work, 
Jacobi's  method  is  utilised  in  solving  the  eigenvalue  problems. 

3  .4 <l-  FUNCTIONAL  REPRESENTATION  OF  ANGLE  OP  TWIST  \ 


In  the  past  the  Use  of  polynomials  as  displacement  fun¬ 


ctions  has  been  popular  for  describing  the  displacement  within 
each  finite  element  in  terms  of  its  nodal  displacements.  For 
the  present,  to  describe  the  twisting  behavior  of  the  thin-walled 
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beam  a  oubie  polynomial  ie  assumed  to  approximate  the  angle  of 
twist  within  each  finite  element,  The  motivation  for  choosing 
a  cubic  polynomial  i©  that  tho  contribution  to  the  strain  energy 
du©  to  warping  (See  Eq*2,2)  involves  a  second  derivative  of  the 
angle  of  twist,  Choosing  a  cubic  polynomial  assures  that  there 
will  be  a  nonzero  contribution  from  the  warping  term  whereas 
if  the  angle  of  twist  only  varied  linearly  there  could  bo  no  con¬ 
tribution  from  the  warping  term  no  in  this  case  the  second  deri¬ 
vative  vaniehe  0 . 


For  each  finite  element  of  a  lengthy  thin-walled  beam  in 
torsion,  there  are  two  generalised  nodal  displacements  at  the  j 
end  of  the  ith  member*  These  nodal  displacements  are  t 


0^  -  angle  of  twist  at  the  shear  center  about  the 
longitudinal  s-axie; 


rate  of  change  of  angle  of  twist  at  the  shear 

center  about  z-axis; 


where  the  subscript  j  denotes  the  generalized  displacement  at  the 
j  ©nd  of  the  ith  finite  element*  Similar  generalised  nodal  dis^ 
placements  exist  at  the  K  end  of  the  element.  The  prime  denotes 
differentiation  with  respect  to  z. 

If  the  twist  within  each  finite  element  is  assumed  to 
vary  cubicly  the  displacement  function  takes  the  form: 

0(z)  =  a  +  bs  +  cz2+  dzS  (5-16) 


To  establish  a  relationship  between  the  displacements 

at  any  interior  coordinate  z  in  terms  of  the  generalized  nodal 
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coordinates,  the  four  arbitrary  constants  in  the  assumed  dis¬ 
placement  function  must  be  determined.  For  instance,  the  con¬ 
stants  a,  b,  c  and  d  can  be  determined  from  the  four  simultane¬ 
ous  equations  given  as  follows! 


0(0)  -  0j  *  a 

*  -5-i  »  b 

0z  5a 

0(1)  =  0K=  a+bl+cl2+dl3 

i^(l)  =  s  b+2cl+3dl2 

5z  5z 


(3.17) 

(3.18) 

(3.19) 

(3.20) 


where  1  is  the  length  of  the  element  which  is  some  fraction  of  the 
total  beam  length  L* 


Once  the  four  coefficients  haire  been  determined,  the  angle 
of  twist  at  any  coordinate  z  within  the  element  in  terms  of  the 
four  nodal  displacements  0y  0K  and  a0K/az  ia  uniquely 

definod,  as  follows! 


0(b)  « 


(l-3£?+  e  £,a),  (k-8^,2  +P?B),(2f-*-2f?),(-%z+f;z) 


0i 


0i 


(3.21) 

where  =*  z/l  is  the  dimensionless  length  of  the  element  of  the 
beam. 


Bq,(3.6)  can  be  written  in  an  alleviated  form  as: 
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0(a)  -1(a)  yt) 


(3.22) 


where 


I(z)  =  [(l-3^+2jj£f),  (z-2£z+^z),  (3^2-2^f),  (-gz+^z)]  (3.23) 


and 


RH  “  I ] 


(3.24) 


Similar  matrix  relations  exist  for  the  first  and  second 
derivatives  of  0  which  can  be  written  as: 


0  (a)  =  (Its)  S^Ct)  )  =  A^U)  fijjft) 
0"(z)  *  (A  (a)  %(t)  )'=  Ag(a)  Hff(t) 


(3.25) 

(3.26) 


where 

(z)= 


2  2 
zz.  z  z 


z  z 


2 


+  6  -g),(l-4  t+3  “g),(6  -2-  6  “g).(-8  j  +  3  -g) 

__  1  X  X  X  X  1 

(3.27) 


Ag(s)  = 


^  ]_2+  12  i3^(“  “  +  6  i2)*(  x  + 


(3.28) 

The  generalized  velocity  and  accelerations  can  also  be 
expressed  in  terms  of  the  discretized  nodal  Telocitiee  and  acce^ 
lerations.  £hat  is : 


and 


0{z)  =  A(z)  EN(t) 


0(a)  »  A(z)  SN(t) 


(3.29) 

(3 .30) 


where  dots  denote  differentiation  with  respect  to  time  t. 
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3. 4  ^.FORMULATION  OP  ELEMENT  MATRICES : 


Xlio  wcpreei alone  for  the  kinetic  energy  X,  a  brain  energy 
U  and  potential  energy  W,  derived  in  Chapter  II  (See  Eqs.2.3, 
(8,13)  and  (2.4)  respectively)  for  an  element  of  finite  length  1 
can  be  written  as  follows: 


and 


(3.31) 

(3.52) 


(3.33) 


'  From  Hamilton's  principle  (See  Eq.(2.l)  )  we  have: 

fil  *  6  (T-U+W)  dt  =  0  (3.34) 

Direct  substitution  of  Eqs. (3,22),  (3.25),  (3.26),  (3.29) 
and  (3.30)  into  the  energy  expressions  (3.3l),  (3.38)  and  (3.33) 
yields  (for  the  Nth  element ) : 
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■n 


"  1  t*  *  1 


BO.  1  m  m  ^  __  GO  1  m  _rp 

2  •£  ^N  Ag  A2  %  4z  +  2  /  A^  Ejj  da 


■  1  rr  _|T  _  _  FI  1  W  |p  ) 

+  -g-  f  %  A  A  RN  da  +  \  \  %  dz  V  dt  =  0  (3.35) 
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Eg*  (3*35)  can  be  also  written  more  concisely  as: 

V  6  *E  I  '0T  t'4T  =  * 


L 


raN  R^  -  (EC/1  kN 


(PIp/Ai)  511}  bn 


dt  ■  0 


(3.36) 


In  Eq,.(3.36)  the  terms  (  Plpl.)^,  (EO and 
(PIp/Al)aN  denote  respectively  the  mass  matrix  the  stiffness 
matrix  Ejj  and  the  stability  coefficient  matrix  SN  of  the  Nth  ele- 


^  420B4 


H 


Xr 


30B5 


N* 

and 

^LN  are 

given  below: 

“leeH® 

22N 

4 

Sym. 

54N2 

13N 

156H2 

(3.37) 

_-13lT 

-3 

-22H 

4 

12H8 

- 

t 

6H 

4 

Sym. 

-12N2  - 

-6N 

12N2 

6N 

2 

-AN 

4  _ 

’  36N2 

- 

3N 

4 

Sym. 

-3QH2 

-3N 

SON2 

_  3N 

-t 

-3N 

4_ 

-V|j( 

T 

* 

1 

'■  '• 

.  '* 

' 

■  35$ 

S3 


156N8 

s 8 

22N 

4 

Sym. 

low4" 

84M8 

1W 

1B6JN2 

-13N 

-3 

-22H  4 

36N8 

-  1 

3H 

4 

Sym . 

Sh  30H2 

-36  N2 

-3N 

36N2 

3* 

1 

-i 

— 3N  4 

and 

“  1 

i  Vj/az, 

0K,  L 

a0K/az| 

(3.38) 


(3.39) 


(3.40) 


where  IT  denotes  the.  number  of  the  elements  and  Z  ■  ss/l  is  the 
dimensionless  length  of  the  total  team. 


Ihe  equations  of  motion  for  the  digoretiaed  system  can 
now  he  obtained  by  using  Eq.(3.3G).  lading  the  variation  of  the 
integral  expression  of  Eq.(3.36)  we  obtain: 


SK  V  -  %  S1H 


+  (PI  /All)  sN 


dt  »  0 


(3.41) 


whioh  after  integration  by  parts  over  the  time  interval  gives! 
i  -  v 


V58«  Sin 


-  c 

tl 


IpL  5-^  u + ( E  Gw/L3 )  ( P  Ip/jlLL )  Sjf 


dt  =  0 
(3.42) 
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Ihe  first  term  in  Eq.(3.4E)  is  seen  to  vanish  in  view 
of  the  assumptions  made  previously  that  the  virtual  displacements 
are  Eer0  th«  tlm*  inatantn  t^  and  tg.  3.tno»  the  virtual 
displacement  can  be  arbitrary  for  other  times  then  the  only  way 
in  which  the  integral  expression  in  Eq.(3.42)  can  vanish  is  for 
the  terms  within  the  brackets  to  equal  zero.  Therefore,  the 

governing  dynamic  equilibrium  equations  for  the  discretized  ays- 

tom  are? 


?V  £N  S1H+  <ECv/L  >  kN  g^-  (PIp/Al)  SN  %  =  0  (3.43) 


Assuming  that  the  displacements  undergo  harmonic  oscil** 
lation,  then  the  displacement  vector  can  he  written  as* 


-  -  iPnt 

^1N  =  rN  6 


(3.44) 


where  rN  is  a  column  vector  of  torsional  amplitudes  of  the  gene¬ 
ral  torsional  displacements  Sjj  and  Pn  is  the  circular  frequency 
of  torsional  oscillation.  Substituting  Eq.(3.44)  into  Eq.(3.43) 
gives  J 


EC  PI 

"  P1pL  pn 


-  ipnt 
rN  a  =0 


(3. 45) 


%  ip  t 

Deviding  throughout  by  EC^L0  and  cancelling  e  n 

Eq.(3.45)  becomes: 


cv^yiy  =  ry 


(3.46) 


S  v  2  1 

where  A  andj^  are  respectively  the  buckling  load  and  frequency 
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parameters  g±Yen  by: 


AEC 


(8.47) 


w 


and 


(3.48) 


Eq.(3.46)  represents  the  equations  of  motion  for  an  undamped 


freely  oscillating  system. 

‘  For  a  beam  which  is  stationary  (not  vibrating),  /\  =  0 
and  Eq.(3.46)  reduces  toi 


Otf  Pul  ■  PH1  Ii„] 


(3.49) 


I!q.(3,4EJ)  represents  the  equations  of  motion  for  the  torsional 
buckling  of  a  beam  resting  on  continuous  elastic  foundation. 

3-s.  equations  of  equ illbrium  por  the  totaxly  assemblkc  beams 

As  previously  mentioned,  the  matrices  Kjj,  §M,  Hs  and 
pertain  only  to  the  Nth  finite  element  and  are  thus  denoted  as 
the  element  matrices.  To  obtain  the  total  strain  energy,  poten¬ 
tial  energy  and  Kinetic  energy  of  the  beam  as  an  assemblage  of 
N  finite  elements,  the  standard  finite  element  procedure  is  emp¬ 
loyed.  The  procedure  consists  of  summing  the  contributions  of 
each  element  to  form  overall  stiffness,  stability  coefficient, 
mass  and  displacement  matrices  which  reflect  the  total  energy  of 
the  entire  beam. 


Tha  variation  of  total  energy  61  for  a  thin-walled  beam 
consisting  of  N  finite  elements  Is 


N 


51  =  z  «V  r  J  }2 

151  ir<  2  t 


1  U 


(Eayij3)^^  Eff  ^jj+  .fPl^/AL)^^  iff  5^  dt  =  0  (3.50) 


After  summation  and  Integration  by  parts  over  the  time 
interval  Eq.(3.50)  becomes: 


ey*  «*  5 


(3.51 ) 

From  Bq. (3 . 51 )  the  equations  of  equilibrium  for  the  totally 
assembled  beam  can  be  written  as: 

[E-A^sj  [*]»>?  fm]  [  r  ]  (3.52) 

where  E,  a,  in  and  r  denote  tho  totally  assembled  matrices  corres¬ 
pond  ing  to  the  element  matrices  E^,  e^,  and  defined  previ¬ 
ously.  With  the  two  generalized  displacements  possible  at  each 
node  and,  with  the  bar  segmented  into  N  elements,  the  number  of 
degrees  of  freedom  ig  2  (W+l). 


For  a  beam  which,  is  stationary  and  not  vibrating,  ^ =  0 
and  Eq. (3.52)  becomes: 


■ (S. 53) 


L  *  J  [  r  J 


LSI  IT  J 


****  formulation  of  the  above  matrix  equilibrium  eqUa- 
tione  for  the  totally  aeoembled  beam,  Eqs.(5.62)  and  (3. B3)  in¬ 
clude  all  poaeible  degrees  of  freedom,  both  free  and  restrained. 
She  displacement  vector  r  of  this  overall  Joint  equilibrium 
equations  is  comprised  of  both  degrees  of  freedom,  the  unknowns 

Of  the  problems  and  known  support  displacements  or  boundary  con¬ 
ditions, 

3*6*  BOUNDARY  OOKDI'PTniro. 

It  Should  be  recalled  here  that  for  the  present  finite 

element  formulation,  only  two  generalised  displacements  are  con- 

eidered  at  each  node.  Hence,  to  modify  the  total  stiffness,  mass 

and  stability  ooeffioiont  matrlooa  for  various  combinations  of 

"*  supports  the  following  boundary  conditions  are  to  be  utili¬ 
sed! 

(a>  f°r  a  '  e«PP^8d  end",  the  end  of  the  bar 

does  not  rotate  but  is  free  to  warp  and  hence, 

0  "  0 

(5.04) 

M  for  a  "olanpod  end",  th.  end  of  th.  1»  la  tnilU 
ir‘  .0  that  no  deformation  of  the  end  oroaa 

seot ion  can  take  place  and  we  have, 

*  ‘  0  “4  *'  *  0  (3*66) 

(o)  for  a  1  Tree  and"  the  total  matrloee  art  to  be  uaed 
without  any  modification. 


3.7.  METHOD  OF  SOLUTION; 


A  general  computer  program  is  written  in  Fortran  IT  to 
suit  the  IBM  1130  Computer  at  the  Computer  Center,  Andhra  Uni¬ 
versity,  Waltair,  In  order  to  obtain  the ■ eigenvalues  i.e., 
eguency  parameter  /\  and  buckling  load  parameter^  for  various 
values  of  the  foundation  parameter  ^  ,  and  their  associated 
eigen  vectors  for  various  end  conditions. 

The  stsps  involved  in  the  computation  program  are  as 

follows  * 

1*  10  road  in  the  element  properties,  number  of  elements  N, 

and  boundary  conditions. 

2-  To  form  element  stiffness,  stability  coefficient  and 
mass  matrices. 

3-  To  assemble  the  total  stiffness,  stability  ooeffioient 

*  an^  mass  matrices* 

4-  To  modify  the  total  matrices  according  to  the  specified 
boundary  conditions. 

5.  To  solve  the  eigenvalue  problem  utilising  Jacobi's  method. 

To  print  the  given  element  properties,  boundary  conditions, 

number  of  elements,  eigenvalues  and  their  associated  eigen- 
vectors* 
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,5.8.  RESULTS  AMD  CONCLUSIONS: 

The  values  of>8  for  the  first  five  frequencies  of  tor¬ 
sional  vibration  of  Bimply-eupported  beam,  obtained  for  a  divi¬ 
sion  of  the  beam  into  R  ■  2,4  and  6  segments  for  values  of 
Warping  parameter  K  =  1  and  10,  and  for  values  of  foundation 
parameter^  =  2,4,6,8,10  ana  12  are  shown  in  Tables  3.1  and  3.2 
respectively,  whioh  oan  be  observed  to  oowpare  well  with  the 
exact  results  obtained  in  Chapter  II.  The  values  of  X  2  for  the 
first  five  torsional  frequencies  of  simply  supported  beam,  for 
a  division  of  the  beam  into  If  ■  6  segments,  for  values  of  warp¬ 
ing  parameter  K  **  O.Ol  and  0.1,  for  various  values  of  V  =  2,4, 
6,6,10  and  12  are  presented  in  Tables  3.3  and  3.4  respectively 
and  have  compared  well  with  the  exact  ones. 

In  Tables  3.5  and  3.6  the  results  for  free-free  and  fixed- 
fixed  beams  are  presented  respectively  for  a  division  of  the 
beam  into  N  =  6  segments  for  values  of  K  =  0.01,  0.1,  1.0  and 
10  for  various  values  of  V  3  2,4,6,8,10  and  12.  Prom  the  re¬ 
sults  presented  in  Tables  3.1  to  3.6,  it  can  be  observed  that 
the  frequency  parameter  A  2  increases  for  increasing  values  of 
the  foundation  parameter  .  It  can  also  be  observed  that  as 
the  mode  number  n  increases  (ie.,  for  higher  modes)  the  influence 
of  foundation  parameter  V  decreases.  The  influence  of  increa¬ 
sing  values  of  the  warping  parameter  K  can  be  observed  to  be 
increasing  the  frequency  parameter  irrespective  of  the  ef¬ 
fect  of  the  continuous  elastic  foundation.  It  can  be  concluded 


“1 


to 

-p 

to 

CO 

§ 

TO 

d 

o 

fH 

•H 

8 

f_j 

p, 

g 

h 

o 

U 

R 

o 

0? 

Q 

TO 

TO 

O 

P 

•H 

V| 

■P 

d 

to 

xi 

rR 

■P 

TO 

o 

<H 

H 

o 

a 

CD 

■H 

0? 

-p 

?f 

to 

H 

cd 

a? 

H 

W\ 

It 

w 


.  yu 

TO 

to 

to 

to 

-P 

P 

^  <o  ^ 

to  ^ 

to  ^ 

a 

|— 1 

LQ  I>  <T>  UJ 

^  IQ  JS  OS  tQ 

d1  LQ  >  O  O 

KS 

to 

#•-*(■■ 

■  •»*** 

***** 

5 

TO 

fc-  O  r-Mtf  IQ 

to  to  CN  O  H 

H  ^  IQ  CO  Os 

m 

to 

O  O  OS  tO  CM 

WHO  H  ^ 

tO  IQ  Oi  CO 

Ptf 

H  (D  O)  H  CJ 

tH  tO  Q  IQ  CM 

H  tO  O  H  TO 

H  ft-  IO  H 

t  -i  m  i  q  *-i 

r  t  TO  IO  d 

* 

CM  tO 

CM  tO 

CM  & 

to  oo  ^  uo 

OS  LQ  CM  O  tO 

to  IQ  ’M1  ^ 'd 

«Q  <3*  CM  CM  tO 

QQCONtV 

CM  CO  H  IQ 

to  CM  IQ  £-  to 

H  W  [>  O 

CO  to  H  H 

00  ^  to  to  to 

^  Q  M'  ^ 

CO  ^  00  EN  ^ 

JM  IQ  tO  CO  tQ 

CM  IQ  tO  CO  tO 

CM  IQ  to  CO  ^0 

O-  O  d  M 

to  to  in  to  os 

H^  lO  Ht' 

OO^COO 

CM  ,H  UO  O  i-H 

t-tCOlOto 

TO 

w?,Sife3! 

Hlfi 

tH  rrj  To  M* 

1J 

CM  to 

cj  *I> 

CJ 

TO 

E 

to 

£ 

CM  to  o  CM  ^0 

CO  IQ  CM  tO  CO 

^  ^  to  CD  CO 

Or  t-  O  H  to 

CO  ^  tO  IQ  CO 

O 

CM  to  CO  CM 

CJ  tQ  CD  CM  CM 

R 

n—i 

1 

j 

to  to  r-r  c>  CO 

tO  tO  H  OS  CO 

to 

1 

to  SO  to  UO  *H 

H  ^  ^  tO  OS 

CM  CM  OO  CD  00 

t>  t-  tO  ^  CM 

H  SO  CJ  Cj  CQ 

H  to  to  Os  Or 

p 

H  CO  O  t> 

HC0  O  N 

tO  1S 

to  c- 

^lOOCO 

^  tH  lO  IQ 

00  o  to  ^ 

SO  tO  CM  CD 

CM  CO  CO 

CM  0-  O  00 

iQ  cj  eo  co 

IQ  Os  Os  tJD 

i 

o  cr>  os  os  i 

O  O;'  Pi  Ci  I 

CM 

i  *  <  «  l 

•  1  *  *  1 

i 

^  IQ  O  to  1 

CM  tO  CO  H  1 

CM  L-  ^  Q 

c-  CM  CO  IQ 

tH  Cl  CM  tfl 

HOTOIQ 

H  CM  O 

cj  cj  o 

H  ^ 

rH  ^ 

U  m 

n\  rr*J 

W  rO  , 

|Q  O 

HHHf>> 

HHH|>> 

s 

;h 

HHH 

HHH 

HHH 

3 

H 

H 

H 

Vi 

o 

>* 

tt* 

O 

CM 

M  ©  H  H 

H  ©  ©  ©  CT1 


O  O  <71  H  CM 
Ol^glOtO 


CO  to 


CQ  «dj  <M  ^ 

©  in  g  H  to 


■tf  to  Oi  CO  CO 
H  <0  to  o  «3p 
CQ  to  Cl  CM  01 
CO  T}|  IQ  to  O 
CM  tO  tO  CO  tO 


Hcnivt-o 
HQ  <0  t-  H 
N  ©  Is  to  © 
CO  |g  «'  CQ  CM 


I  sp  ©  H  Es 
lO  00  to 
CM  C-  H  CQ  IQ 
©st* 


H  CO 


CM  tO 


tO  tO  b-  tO  Cl 
to  IQ  Ol  ^  IQ 
tO  CO  02  Oi  to 
H  ©  ©  st< 
02  to 


ES  O  HES  © 
QO*f  (DO 
ioo^Oco 

CM  ©©  st< 
02  to 


to  to  c-  to  OS 
©esh©c- 

©  H  ©  02  ES 
02  CO  to 

02  tO 


Cp  is  tl1  © 
cm  H  ©  ©  © 

©  ©  ©  ©  Oi 

02  to  CO  to  IQ 
to  to  H  Cl  CO 


O  CM  0-  ©  © 
O  IS  CO  <71 

CO  to  C1  IQ  to 

CM  to  00  CM  ^ 

to  to  HOl  CO 


to  CM  IS  to  to 
©  IS  sf  CQ  01 

c>  lb  d  in  to 
CM  to  CO  CM sf 
to  to  HOl  CO 


SSfcSS 

to  IQ  IQ  IQ  to 

CM  to  CO  02  ^ 
tO  tO  H  Cl  CO 


H  ^  tO  01 

IQ  IQ  H  CM  O 
CM  C-  ^  O  O 
H  CO  H  CO 
to  !S 


©  ©  ©  ©  H 
to  to  CM  CO  CM 
tO  CO  IQ  H  H 
H  CO  H  CO 

to  ts 


ts  O  O  Ci  to 
O  H  ts  ts  to 
IQ  O  to  CM  CM 
CM  CO  H  CO 
tO  IS 


to  to  to  to  r-t 
co  co  ^  to  tjt 
to  H  CO  ^  ^ 
CM  ©  HCO 
to  ts 


©wo 

©  o  " 

DM  © 
lO  01  ©  CO 
O  Ol  Ol  Ol 

■  »  f  I 

CM  tO  CO  H 
IQ  O  tO  tO 
CM  H  tO  to 
CM  CM  O 


to  to  to  co 
0-  O  CM 
CM  ©  O  ^ 
IQ  Ol  d  CO 
O  Ol  Ol  Ol 

•  II* 

^  IQ  O  to 
©  H  ©  ^ 
©  CM  sf  IS 
CM  CMO 
Hst< 


oi  ©  into 
IQ  to  to 
CM  £-  to  CO 

in  oi  ©  ts 
00)0)00 
•  •  «  ft 

©  03  Tf  ts 
O  ©  CM© 
©  ©  ©© 
CM  WO 
HtK 


©  ©  o  © 
oo  ©  to  © 

CM  IS  ©  © 

©  oi  co  b- 

0010)0) 

*  »  I  1 

sF  ©  O  © 
©  ©  o  © 
©  ©  ©  o 

CM  02  H 
H  si1 


H  H  H 
H 


HH  H  >>  >- 
H  HH 
H 


H  H  H  M> 
H  H  H 
H 


Si8jsoi© 


s|<  l8  N  0110 


© 

3 


tO  ^ 

©  t-Ol  © 


r-t  ©  ©  Ol 

©  sr  ©  c-  © 
CM  IS  H  CM  © 
■H  CO  ©  H 
W  © 


©  ©  IS  O  H 
©  ©  sit  Ol  © 
©  ©  CM  ©  ^ 
H  ©  ©  H 
CM  © 


t-  O  Stf  K1 
Q  O  Oi  ©  CM 
©  O  ©  ©  © 
W  CO  ©  H 
CM  © 


© 

<f  ©  ^ 
sjl  ©  t-  01  © 


D  t*  O  H 
>  ©  H  O 
•H  ©  IN  © 
CM  ©  ©  H 
CM  © 


-:.J 

.  1  3.  .  ' 


T  A  B  L  B  -  5.2 

i 

■2_ 

Value g  of  the  Frequency  parameter  X  for  aimoly  smarted  thin-walled  beam*  of  ogen  action  ofl 
Elagtlc  foundation  for  various  values  of  foundation  Parameter  r  for  a  vr!ub  nf  r~ - *ter 


■p  -p 

o  h 

S  S 

"<S 


DO 

"3 

01 

S 

Es 

O 

0 


wts 

tQ  O  tO  Ci  tD 

LO  CM  CM  O  CM 
00  rH  Cfr  CO  {S 
°  CS  O-  to 
H  in  tO  O  lO 
■H  ^  CO 


IN  lO  CM  [>  r-» 
O  CJi  LO  is  C M 

cm  to  ld  es  lo 
^  lO  js  cv? 
to  O  tQtHtD 

d  d  oo  d  id 
CO  Q  to  ^  to 
O  to  CO  to  Oi 

T-t  to  to  T-l  CO 

t-M*  00 


CM 


M  V 
0>  *0 
rQ  O 

ga 

o 


o- 


H  H  M 


CM  0- 

EO  O  tO  05  t© 

*  *  *  *  I 

rH  CO  CO  to  00 
O  CJ  o  Cl  CO 
'H  Jg  CO  IN  IO 

rJ1  CO 


tD  CO  HtO  W 
05  to  05  CM 
<0  02  tH  iH  lO 
tN  ^  IQ  fN  CM 
tQOtOHtO 
*  *  *  ■  * 
O  to  ^  to  tH 
O  CM  lO  TO  N- 

co  tn  oo 

HlOtOrfg 


c-o  w 

CO  CM  to 
t-I  IN  CO 
CM  iH  tQ 
^  CM 

■  t  ■ 

O  to  to 

O  to  o 

rllOH 
rH  IQ  IN 


rH  CD 
05  O 
CM  CM 
CO  I^- 
CO  TO 
•  * 
to  05 

to  to 
E>  CO 
CM 

^  O 


CO  to  tN  to 
tO  to 
tO  ^  HtD 
TO  05  TO  IN 
-M1  05  En  d> 


i-HiQ  I 


tH  lO  .  .  . 

O  tO  IN  tO 

rlO-jb 
HIOh 
CM 


Eb 


H 

HHH 

H 


OJ 


CM  N-  _ 
to  O  to  Oi  to 
•  *  *  »  • 
05  tD  tO  ^  to 
^  CN  tO  CM  CO 
intOCOOlfN 
th  to  to  o  Co 

rH  'Ml  TO 


CM  tO  O  CM  TO 
CO  CM  IN  O  ^ 
tHCMC-  rHfg 

IN  tO  ^  T™f  ^ 

t0  O  tO  CM  tO 
.  »  ■  ■  * 
cp  to  CM  *H  CFl 
^  t>  O  H  H 
H  lO  05  ^fi  O 

-""SSS 


^  to  to  O  CO 
hhWhO 
iH  05  CM  in  CM 

H  tO  r-f  IN  00 
rH  IQ  N  tO  CM 

O 

iH 


CM  t0  IN  W 
TO  H  N  CO 
to  to  -H  00 
TO  05  TO  TO 
^  Oi  O  05 
•  ■  *  - 
(75  to  Ol  tO 
CO  H  CO 
HChtOH 
rH  ^  rH  IN 
CM  tO 


HHH>^ 

hhh 


3.2  (Contd.) 


93 


. 

4 

i*  ■ 


eg 

eg  > 

eg  ts 

eg  t- 

to 

O  ©  03  © 

to  0  ©  03  © 

to  0  ©  01  © 

to  0  ©  © 

«  <  »  i 

*  »  *  •  * 

*444  t 

*  «  4  * 

03 

©  ©  <g*  © 

h  ©  eg  ©  © 

©  eg  eg  0  eg 

H  03  CO  © 

eg 

iO  to  eg  h 

^  ©  gi  to  eg 

CO  H  03  00  Es 

©  ©  ©  IQ 

eg 

©  03  03  © 

[ONOO® 

^OldHO 

©  0  to  to 

H 

to  ©  0  to 

H  ©  t-  H  © 

H  ©  tS  H  © 

H  ©  £v  H 

H^CQ 

H^  © 

© 

H  ^ 

883 


w  t- 


O  03  so  eg  © 

tv  tO  (Q  IQ 
CO  O  tO  H© 

COtQWHO) 
OJ  IQ  CO  Os  G> 
OJ^O^^O 

H  CO 


Q  © 
&  O 
O  to 
Cjj  OJ 

*  ■ 

w  © 
eg  © 
H  10 


BSg 

©  CV}  CM 

to  00  tS 

eg  ©  © 

to  to  ES 

co  ©  © 
eg  co  cr> 
ts  ©  eg 
H^O 

H 


© 


(Meg 

3S 

t-  <  I 

to  o 
O  to 

^  to 
CO  IS 
HtQ 


eg  in  to 

IQ  H  03 
IQ^H  tO 

to  h  lq 
•  *  * 
<<  CO  H 
03  O  H 

o  to  eg 

ts  H  cn 
H  co 


10  CO 

to  03 

tv  ^ 

to  o 

^  03 

COO 
^  03 
H  tQ 


HtS  tO 

o  ^  CO 
HOl  Q 
LO  tS  5 
tO  H  *0 

■  ►  4 

CO  c-  !Q 
to^uo 
eg  is  co 

O  H  O 

iH^  © 


ES  g  S  S?  S3 

Q  eg  ^ 

eg  h  iq  ©  to 
h  eg  co  is 

»  t  «  1  « 

o  <0  IQ  IQ  03 

to  e-  to  03  o 
h  to  c-  ©  to 
H^O 
H  H 


©OO© 
CO  H  tS  © 
to  ©  tH  © 
©  03  ©  N 
03  ES  Oi 

I  I  *  I 

*H  IQ  Hi  to 

t"  -H  H 

tO  H  ©  tO 


IQ  eg  03  © 

©  iq  eg  0 

h  co  eg  0 

H  H^P  H 

03  co  is  eg 

O  Oi  tQ 

H  tO  ©  ES 

eg  h  to  is 

HGV2  GO© 

^  Hcgco 

*  4  *  4 

>4*4 

0  03  o>  to 

0  ©  IQ  tQ 

eg  00  h  eg 

©  03  ©  03 

03  H  CM 

©  O  ©  CJ 

IQ  ES  is  to 

h  ©  is 

H^O 

H'tf 

H 

u 


$ 


eg  co  tv  to 

©  H  £v  PJ 
to  IQ  H  to 

©  CT3  ©  LQ 
^  CTi  E>  Oi 

teen  ho 

GO  H  tO  H 
CO  H  IQ 


© 


e-  h  o*  to 

©  ©  ©  to  © 
03  03  ©  o 
©  H  tO  <Q  ^ 
tQOtQH^ 

O  ©  H  tO  H 

©  ©  h  eg  to 

©  o  03  ID 
H  ©  IS  H  03 
H  ^  CO 


©  ©  ©  © 

CO  H  ©  ^ 

ss^a; 

^  Oi  £v  Oi  J 

iH  ©  t~|  ©  I 

©  03  ©  03 
©  ^  H  © 

^Sfc 


hi  ^ 

A 

A 

I 

I 

I 

A 

A 

I 

I 

I 

HHH 

H  H 

hhh 

H  H  M 

H  H 

H 

HH 

H 

H 

eg 

H 


J 


94 


TABLE-  5.5 

Ajfor.jLlFjgy-  surppr.totl  thin- 
ga-Llea  b.ejajng.  01  opgn  section  on  Elastic  foundation  Tor  varlouq 

y^Lues  or  foundatj._on  parapet er  r  for  a  value  of  wnrpln^  para¬ 

meter  K  «  0,01. 


^  of^Mode  Number  of  Elements  6 


Exact  Results 


0 


2 


4 


6 


8 


10 


12 


I 

97.42056 

II 

1561.06689 

III 

7952 .49806 

XT 

£5529.69145 

V 

64155.57041 

I 

115.42420 

113.566986 

II 

1577.08105 

1577.060061 

III 

7968.49513 

7918.854505 

IV 

25545.68363 

24992.914115 

V 

64171.59385 

60994.773544 

I 

161.41571 

161.566986 

II 

1625.07593 

1625.060061 

III 

8016.49122 

7966.854505 

IT 

25593.67192 

25040.914115 

V 

64219.60948 

61042.773544 

I 

241.41577 

•  241.566986 

II 

1705.07324 

1705.060061 

III 

8096.49122 

8046.854505 

IT 

25673.68363 

25120.914115 

7 

64299.58604 

61122.773544 

I 

363.42066 

363.567017 

II 

1B17. 07251 

1817.060061 

III 

8208.49221 

8159.854505 

IV 

25785.68754 

25232.914115 

7 

64411.55479 

61234.773544 

I 

497.42071 

497 . 567017 

II 

1961.07226 

1961.060061 

III 

8352.50002 

8302.855491 

17 

25929.67582 

25376.914115 

7 

64555.60948 

61378.773544 

I 

673.41674 

673.567018 

II 

2137.07080 

2137.060065 

III 

8528.49807 

8478.855491 

17 

26105.66801 

25552.914115 

V 

64731.57823 

61554.773544 

95 

IABI.B  -  5.4. 

Valuas.  of ■  the  FrenUenov  parameter  fh  for  Bimr>ly  eutmortefl  thln- 

walled  beams  of  ouen  section  on  Elastic  foundation  for  various 

values  of  foundation  parameter*!^  for  a  value  of  warping  para¬ 

meter  R  a  0.100. 


i 

Number 
of  Mode 

Number  of  Elements  6 

Exact  Results 

I 

97 . 51748 

II 

1561.46094 

0 

III 

7953.36817 

— 

I? 

25531.24613 

V 

64158.03915 

I 

113  -  52183 

113.664779 

II 

1577  ,46582 

1577 .451174 

2 

III 

7969.38282 

7919.735364 

17 

25547.23442 

24994.476615 

V 

64174.0469 6 

60997.218841 

'  I 

161.51513 

161.664795 

II 

1625.46216 

'  1625.451174 

4 

III 

8017.38184 

7967.735364 

17 

25595.25395 

25042.437615 

» 

‘  7 

64222.00010 

61045.218841  . 

> 

I 

241.51611 

241.664795 

II 

1705.46167 

1705,451174 

6 

III 

8097.40040 

8047.735364 

17 

25675.24613 

25122.476615 

7 

64302.00790 

61125.218841 

I 

353.51928 

I ’ 3531664795 

II 

1817.46264 

1817.451174 

s 

III 

8209.38088 

8159.735364 

17 

25787.25786 

25234.476615 

7 

64413.99220 

61237. 218S41 

I  * 

497.51690 

497.664795 

II 

1961.46142 

1961 .451174 

10 

III 

8353.38479 

8303.736354 

IV 

25931.24613 

25378.476615 

7 

64558.05477 

61381.218841 

-  I 

673.51562 

573.664796 

II 

2137.45606 

2137.45117 

12 

III 

8529.28283 

8479.736354 

IV 

26107.25395 

25554.476615 

7 

64734.04696 

61457.218841 

1 


k 

o 


pq 


.<H 


a 

o 

a 

d 

D 

GJ 

U 

03 

*d 


O 

ra 

03 

I 


to 


> 

H 

g 

■H 

■P 

C 

QJ 

g 

to 

.Fh 


ra 

Fh 

to 

-P 

to 


;  Vf 

!  o 

J  fra 

03 

I 


oa 


tHI  y  j 

fc-  tQ  *D  ^ 
proooo^ 
to  too  ^  w 

OJ  <D  00  rH  to 
00  ^  *  *  LQ 

*  *  to 

to  ^  o  CO  to 

b-  G  CM  <D 
O  to  rH  03  CD 
iH  ^  ID  H  tO 
rH  ^  Ch 


BB 


00 


eg 


I 


m 

nd  o 
o  !2| 


M 


io  ld  eg 

03  ^J1 
03  'H  to 

eg  to  h 

co  co 

*  »i  • 

to  ^  CO 
HtQ^ 
IQ  CO  CO 
to  ^ 


og  to 

ID  C Q 
D0  <Q 
<5  rH 
th  in 
*  * 
CD  to 
O  o 
to  H 
rH  tO 
^  03 


o>  eg  eg  <o  <o 

tQ  03 

IN  CO  *£>  rH  iH 

eg  in  rH  b-  to 

00  ^  CO  H  IQ 
***** 

O  00  J>  Cl  o 

O  tH  Olto  to 

■°833g 

Oj 


!H  H{>1> 

hhh 

H 


)  COW  . 
cp  ^  *n  eg 
OOtOQO 
^COrigiQ 
CO  ^  CO  rH  to 

•  t  i  •  » 

G  CD  N  CM  JN 
Q  eg  ID  00 
0>  &}  eg  ^ 

■3*  ID  rH  tO 
1H^0> 


tO  ID  ^  CO 
tO  b-  OJ  N  0 
IN  00  ^  O  ES 

eg  it>  eg 
03  ^  CO  W  tn 
***** 
<£  ^  to  CO  to 

■D  IN  CO  O  ^ 
NOOtOtO 
^  LQ  tH  to 

rH  03 


co  to  eg  <o  to 
to  O  ^  ^  to 

ID  CO  Cl  03 

eg  c-  vh  o  t> 

03  ^  CO  HI  IQ 

*  *  T  f  * 

^QHy3  H 
^  o  e  03  to 
to  03  as  ^  eg 
to  ^  H  to 
H  ^  03 


CO  BO  eg  03  rH 
lOD-^oe- 
^  EO  <£I  IQ  eg 
eg  N  1-H  CM  <o 
00  ^  CO  rH  tQ 
1  *  *  *  » 
^  C  J  H  u:  H 
<0  00  03  tH  to 

m  co  cp  ^  tn 
to  ^  rH  to 
o 


eg  cp  to  id  to 

CM  IQ  H  CO  G 

03  ^  in  to  eg 
^  to  CO  ■*}'  in 

03  03  EN  CO  rH 

*  *  -  *  m 

O  CO  co  to  o 

Q  iH  eg  Ed  03 

01 

IQ  to  03  ?£5  CO 
CO  00  CO  to  tD 
0}tOiO  Ht’ 

^  eg  oi  q  eo 

C3lOl  is  CO  H 

S*&  'J1  03 

ecoo^ 

^§838 

03 


LO  to  to  CD 
^OO  HDtO 
tOCOOHC- 
^  to  CO  Q  oo 
03  Oi  00  rH 

eg  eg  c>  ^ 
to  b-  03  to 
to  03  o  rj*  eg 
to  ,H  to 

rH  T}f  03 

59  tOOQD  to 

to  rH  CO  ^  *$ 
<D  W  Q  03  <D 

^nowio 

03  03  CO  CO  rH 

^  eg  cm  in  ^ 

<0  CO  03  rH  ID 
Q  ED  C 0  ^  rH 
to3*  HtO 


rH  ^  0> 

010  01030 
o  i-t  03  eg  co 
to  rH  eg  ts  a 

Q  CO  <33  ID  *d' 
03  03  IN  CO  H 

*  *  *  ■  i 

CD  'd1  0j  lO 
rH  to  ^  to  o 
Q  CO  03  to  H 
to  rH  to 

rH  03 

b-  CO  to  03  O 
<0  -H  rH  eg  to 
Q  O  N  IS  to 
^  to  CD  to  p 

CF3  C3  t-  oo  eg 

*  1  I  *  1 

O  0)  CO  too 
Q  rH  eg  ID® 
Q  CO  CO  to  ^ 
to  ^  rH  to 
rH'tf  03 


IHt>> 
I  HI  H 


O  Ci^MQtD 
rH  IN  to  ^ 
O  ^  H  to  rH 
eg  to  rH  03  co 
rH  ir5  O  LO  02 
*  -  *  •  • 
G  o  to  rH  N 
co  g’  o  o  to 

O  ID  rH  03 

■H  ^  Q  eg  to 

H  ^  03 

co  eg  03  cp  to 
to  o  U?  ^  H1 

H  HtQOlH 

eg  ^  ho  co 
rH  ID  O  ^D  Cg 

***** 

to  eg  b*  Q  rH 
rH  to  eg  tw  gD 

rH^  03 

^  H  WON 
D  b  C)  y3 
Cg  tO  rH  Q  rH 
rH  QO  Q  CO 

*  *  *  ■  ■ 

03  0tOrH|N 
O  CM  CO  CO  rH 
^iHHNO 
<*  Q  rHEQ 
rH  ^  03 


tO  D2  CO  C0  CO 
CM  03  to  CD  O 
Hb 

eg  ^  eg  a  03 

rH  ID  O  *0  eg 

0-  00  H  0>  Q 
ID  O  N  tO  O 
O  O  tO  ID 

rh  ID  rH  EO 

rH  03 

ID  CD  CO  ^  tO 


rH  IQ  O  Q  CO 
O  CO  rH  03  ID 

in  eg  03  cp  eg 
Q  03  <Ti  Q  ^ 
to  ^  H  CO 

rH^  03 


Q  03  ID  ^  ^ 
CO  03  IQ  O  IN 
Q  H  03  eg 
CM  ^  rH  eg  rH 
rH  Q  O  Q  tO 
***** 
ai  o  «  ri  o 

lO  CO  03  IQ  to 
rH  tO 
rH  CT> 


CO  CO  O  ID  rH 
Q  ^  lO  CO  IN 
to  eg  en  to  eg 
eg  rH  03  rH 
HtQOlQtO 
***** 
to  ^  IN  in  rH 
HQWWID 
IQ  CD  03  ID  to 
10  ^  rH  to 
rH^l  03 


go  w  n  i 

QQO  I 

00  HO  ' 

03  to  eg  i 

*  *  * 

03  tO  CO  I 

to  to  o  ( 
eg  03  to  i 
eg  co  id  ( 
eg  i 


id  eg  in 

to  tD  rH 
id  eg  to 
QrlO 
03  to  eg 


eg 


to  co  o 
to  to  eg 
eg  co  03 

CO  rH  03 
03  to  rH 
*  *  * 
03  tO  GQ 
tO  rH  00 
03  ID  O  ; 
rH  CO  ^ 

eg 


£83 

eg 'd* 
^  cp 
eg  ^ 


s 


QiN  CO 
rH  ^  03 
to  ^  O 

00  rH  rH 

03  to  eg 

IN^  & 

ego  in 

CO  Q  cp 
rH  CO  ^ 
eg 


N  tQ 

EN  eg 

03  EN 

"  o 

eg 

rH 

O  GO 
03  IQ 

EN  *g4 

LQ  CO 

eg  ^ 
lq  to 

gQ  rH 

CO  to 

SB 


CD  tO  tO  IN  tO 

CO  tQ  eg  eg  to 

SS8$5? 

03  to  rH  eg  ^ 
***** 
I>  ^  to  IQ  to 
^  eg  03  co  to 
b-  CN  D-  to 
rHco^  qg  o 
eg  Ed  eg 


03  to  co  ^  to 
03  to  co  to  03 
03  o  rH  CO 
CQ  CM  rH  CO  tO 
03  to  eg  eg  ^ 
*  *  *  *  * 
03  <o  cp  £n  id 

03  t-  ^  to  co 

to  N  b-  ^ 
ricogimo 

“1  LQ  C 


eg  in  eg 


b-  eg  lq  o  to 
IN  tD  ^  03  to 
03  eg  rH  EN  tO 
CO  rH  03  ID  LQ 
0>  tO  rH  01  ^ 
*  *  *  ■  * 

too  eg  rH 03 
GO  to  to  eg  *o 
to  to  IN  IN  T*i 
rH  CO  ^  Cp  O 

eg  Ed  eg 


MHH>>  HHH^> 

H  W M  HHH 

H  M 

O 

O  O 

•  * 

rH  O 


- 


TABLE-  5.6 

Valaeg  of  the  Frequency  parameter  j\~fo r  free-free  thin-walled  bean-  of  onen  gectlaa  on  Elaa*^  Fotmda- 
tion  for  irarioua  valaea  of  foundation  and  carping  parameters  7  and.  X  respectively  (N  -  6). 


O 

m 

r* 


0} 


to 


w 


cm 


a> 

T5  O 
O  ^ 

S=i 


UO  COO  w 
co  to  idOv  tQ 
to  H  m  O  cs 
QHHWtO 
ooco^^ 


tO  H  <0  (TV  IQ  CM  L0  < 
tO  to  to  IQ  CQ 
O  t  IOCO 

o  m  oi  is  o  a*  -tF  < _ _ 

OHW^OJ  OVO^HOO 


to  10  to  to  ^ 

Q  IQ  td  IQ  tQ 
05  O  p  O  *o 

o  n  w  rf  o 

o  to  to  to  ^ 


CO  to  to  CM  *d 
■  C-  Q>  CO 
JO  to  to 
id^in 


WtDQHin 

to  o  IQ  CD  o 
oms  cm  ^  is 
C1  O  *d  cm  Go 
Cl  o  CO  ^  ^ 
*<■11 
CiOOtoKV 

CPI  o  O  M  OD 

tO  05  id 


cm  o  to  ex*  cm 
cj  05  C5  in 

H  WtOOi  t- 
O  W  rl  rl  lO 
O  O  00^  ^ 


to  tJD  CO  to 

JS  t>  IS  05  *© 

Do  IQ  O  to  to 

i-l  ^  to 
id 


co  in  o  a  to 
O  IQ  Td  to 
CJIO  Htoo 
05  tO  id  05  CM 
OV  H  to  Tfl  to 
■  *  ■  *  * 
CT^OidlSlS 
05  Q  O  td  CQ 

■H 


to 


B 


*0  CV?  id 
IQ  £  H' 

L"^ 


^  LO  h  O  03 
id  O  to  d'  rO 
HQOi^tS 
O  CM  05  CO  05 
OHW-^  W 

I  *  i  t  I 

<d  to  to 

IQ  IQ  IQ  r  -j1 
CM  CM  O  M 

H 


lO  >  H  Q 
id-tf  IQ 

id 


05  {>  C>  tO  rH 

co  OO  cr>  LO  e'¬ 
en  LO  CO  CO  dH 
05  IQ  id  CO  IQ 
05  Cl  CM  CQ  Q 

•  •  ■  4  t 

05  id  Q  IQ  d* 

tO  ^  05  CO  to 

LO 

id 


jH  00  I SWH 
IQ  CD  Is  O  Oi 
05  Q  CM  CO  Es 

c>  to  co  co  00 

05  O)  w  co  o 

4*411 

10  is  <0  h  o 


CO  CM  CM  if  Is 

c-  cm  a  ^  a 

Eb  co  iq  co  is 

iH  LO  ^  tQ 

T-l  to 

O  tO  (J)  T-t 
CO  Q  id  M  ES 

StO  05  o  o 
W  T-f  03  05 

O  to  to  to  CO 
***** 
O  to  CO  CO  H 
O  CM  CD  CO 

^  to  ^  IQ 

T-l  tQ  to 
H  CO 


CO  00  IQ 

IQ  O  CM  CM  -H 
£-  h  IQ  CM 
O  CM  T-l  CM  tH 
O  tO  CO  tO  ^ 


ts  CO  H  O  *0  CM  03  C- 

to  q  m  n.5  n  in  cm  fn 

w  CO  t  f  Csj  CM  lO  r  I  10  io 

■cl*  M  tH  LQ  d'  to 
to 


CM  C-  tO  05  O 
£s  IS  CO  Oj  ,h 
05  o  t-  co  in 
05  id  CM  td  IQ 
05  O  CD  ^  ^ 


rH^  ^  CM^1 

O  IQ  tO  CO 
OHHOW 
O  -H  10  IQ  tO 


CM  05  tO  CO  CM 
^  O  05  CO  ^ 
05  CO  rH  O  CO 
05  ^  to  IQ  lO 
05  05  CM  CO  O 


H  O)  tO  d  H 
IN  IS 
EO  Oi  ES  ^  O 
OriOOCfs 
O  to  CD  CO  to 


[0^^005 
*tfi  ^  (O  CM 
id  tH  CO  05  05 
CO  t}« 


,h  in  to  m  to 

^HHCOc|i 

JS  to  fc-  O  H 

C5  O  O  tH  ^ 
05  o  CO  Tji  ^1 

■  t  «  t  h 

to  ^1  O  Cl 

co  co  ip  cq  ^ 


3:3:! 


'  IQ  H  H 

1  CO  to 

H  tH  O  O)  D 

to  ^ 


to ' 


*o  c**  o  in  to 

■H  CD  05  IQ  ^ 
IQ  03  t-  ^  1H 

O  Hrlrl'J1 

OOCO^^ 

CO  CD  co  CM  tH 
H  H  d  tO  O 
to  CD  CO 
to  ^ 


^  tn  to  cm  cm 

iH  tH  rH  CM  IQ 

rH  CO  CD  GO  E> 

§88353 


o  o  o  to  tn 

Q  H  CD 
IQ  OO  IS 
tO  ^ 


o  m  o  m  ^ 
050t0l>  co 
to  CM  OD  CD  ^ 
O  CM  tH  co  CM 
O  T-l  to  ^  to 

^Wdd 
co  co  to  CO  LO 
iO  CO  CO 
to  ® 

id 


tO  IQ  CD  tD  tO 
Q  fQ  IQ  05  LO 
IQ  CM  ^  O  O 
QOJOCOd 
a  id  to  ^  to 

co  ^O  £>  to  to 
dddtOO 
UO  CO  CD 
CO  ^ 


^  to  to  co  o 

05  to  05  05  CO 
O  CM  ^  05  o 

Swot-o 
id  to  -di  to 

OO  HD'-N 

SH  CD 
Ot¬ 
to 


to  IQ  ^  05  CO 

^  ^  C5  CD  H 
HdCOOd 

**  IQ 
id 

05  05  to  a  co 
IS  H  to  CD  co 

05  05  O  tO  O 
CTi  tQ  CM  GO  Js 
O  05  CM  CO  O 

tO  IQ  <'  05  CQ 
CD  ES  CO  tO 
CO  05  O 
tO  LQ 


CO  ^  CD  ,d  CO 
tO  CM  CD  CM  tO 
c©  05  05  l>-  o 

O  d<  to  to  C-. 

O  05  CM  CD  o 
***** 
CD  E>  tD  |=f  O 
tH  CM  AD  ^  C5 
IQ  05  05 

to  ^ 


S  G1  d  N  tO 
HtGOOvtO 
dQ^NO 
o  IQ  to  lb  (S 
Q  05  CM  to  O 

*  *  ■  »  1 

OdQLO'f 
cdlQCM  O 

IQ  05  Od 


5 


O  O  CM  10 
0^  IS  H  D- 
-  -  DJ 

to 

id  to 


!8§H 


tO  O  IQ  CM  tJ+ 
CD  Ol  H  IQ  tO 
CD  05  CM  CD 
O  CM  td  td  O 

O  toco  tO  ^ 
***** 
d1  O  O  CM  tO 
CO  Td  o  to  05 

id  05  rH  H 

tH  CO 


CM  CM  M3  05  ^ 
CO  CO  CD  GO  CO 

IS  05  t4"’  CD  CO 

O  id  01  01  O 

o  to  in  cm 
***** 
CD  CM  CM  ^  {> 
id  CD  ^1  CO  ^ 

O  Oi  p  Td 
id  ’ij*  ^  tO 

Td  to 
^  CM  IQ  id  ^ 


M  M  M  >  b- 
HHH 
M 

O 

id 

O 

* 

o 


HHH  t>  > 
HHH 
H 

O 

O 


IO  ^ 
t  '  id 


HH  H  >f> 
HHH 
H 


O 

O 


O  <d  {S  to 

§  CM  01  g  CD 

tO  CD  CO 

*4411 

O  CD  CD  00  H 
^  CM  CD  tO 
DOVQH 
^  tO 
H  tO 


HHHf>|> 

HHH 

H 


O 

rd 


98 


therefore,  that  increase  in  the  values  of  warping  parameter  K 
and  foundation  parameter  ^  contribute  for  the  increase  In  the 
torsional  frequency  parameter  2. 

In  Tables  3.7,  3.8  and  3.9,  the  values  of  the  frequency 
parameter  A  for  the  first  five  modes  of  vibration  are  presen¬ 
ted  for  Bimply— supported ,  fixed— fixed  and,  fixed— simply  suppor¬ 
ted  beams  respectively,  for  various  values  of  axial  load  para¬ 
meter  a.  and  foundation  parameter  ^  ,  for  a  value  of  warping 
parameter  K  -  1 .  These  results  are  given  for  a  division  of  the 
beam  into  four  and  six  segments.  It  can  be  observed  from  Table 
3.7,  that  the  results  for  the  simply-aupported  beams  compare 
well  with  the  exact  ones.  It  can  be  also  noticed  that  increase 
In  the  value  of  axial  load  parameter  A  »  for  any  constant  or 
zero  values  of  the  foundation  parameter  V  and  warping  parameter 
K,  is  to  decrease  the  value  of  the  frequency  parameter 
Similarly  it  can  be  observed  that,  for  any  constant  or  zero 
values  of  the  axial  load  parameterA  ,  the  increase  in  the  values 
of  foundation  parameter  V  and  warping  parameter  K  is  to  increase 
the  value  of  the  frequency  parameter  A  ^* 

Hence  It  can  be  concluded  that  the  combined  influence  of 
axial  load  parameterA  ,  foundation  parameter^  and  warping 
parameter  K  on  the  frequency  parameter  A 2  is  the  algebraic  sum 
of  the  individual  influences  of  these  parameters.  In  general, 
for  all  the  cases  presented  here,  the  results  from  the  finite 
element  analysis  are  in  excellent  agreement  with  the  exact  results 
from  Chapter  II,  and  the  oonvorgonoe  of  the  ronults  ia  quite  aatls- 
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factory  for  a  division  of  the  beam  into  six  elements*  Hence, 
the  finite  element  model  presented  in  this  Chapter,  which  in¬ 
cludes  the  effects  of  warping*  axial  compressive  load  and  ela¬ 
stic  foundation  is  quite  satisfactory  and  yields  good  results* 
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CHAPTER  -  IV. 

EFFECT  OF  LOH&ITULIHA1  IHBRTIA  AHD  OF  SHEAR  DEgQRIvIAT  I01T  ON  THE 
TORS  I  OH  All  FREQUENCIES  AND  NORMAL  MODES  OF  SHORT  WIDE -FLANGED 

TH  TO -WALLED  BOAT, 13  OF  OPEN  SBOTIOI* 

4.1.  TOTROLUCTIOIT: 

In  the  analytical  studies  presented  in  Chapters  II  and 
Hi,  the  problems  are  formulated  utilising  the  Timoshenko  tor¬ 
sion  theory  ('IS)  and,  the  effects  of  longitudinal  inertial  and 
shear  deformation  are  neglected  assuming  the  team  to  he  lengthy 
compared  to  the  cross  sectional  dimensions*  But  the  corrections 
due  to  longitudinal  inertia  and  shear  clef ormatiou  may  be  of  im¬ 
portance  if  the  effects  of  cross  sectional  dimensions  on  the 
frequencies  of  torsional  vibration  arc  do sired* 

. 

Timoshenko  torsion  theory,  though  intended  to  be  an  im¬ 
provement  over  the  classical  Saint- Venant  torsion  theory,  suffers 
from  the  defect  that  while  dispersive  in  character,  very  abort 
wavelengths  are  propagated  with  infinite  velocities  Thus,  this 
improved  theory  is  limited  in  its  description  of  high-frequency 
(short -wavelength)  vibrations  and,  because  it  contains  no  delay 
time  (infinite  velocities),  it  is  not  suited  for  problems  invol¬ 
ving  the  response  to  sharp  transients.  So  mttc h=so,  Timoshenko 
torsion  theory  cannot  be  justified  for  short  wide-flanged  beams 

*  Results  from  this  Chapter  were  published  by  the  author,  KhV.Appa- 
rao  and  B.IC*Sarma  in  May,  1974  Issue  of  the  Journal  of  the  Aero¬ 
nautical  Society  of  India,  sec  Ref*{/^;  )* 
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and  higher  modes  of  vlbm-blnti . 

^  jT£>>  f  tHf 

Though  thero  exiata  aoraa  studlea  on  frso  torsional 

vibrations  of  beams  of  open  section  including  second  order  ef- 
facta  such  as  longitudinal  inertia,  shear  deformation  and  shear 
lag,  solutions  were  given  only  for  the  simple  case  of  a  simply 
supported  beam.  Stating  that  the  frequency  squab ions  for  other 
boundary  conditions  are  highly  transcendental  in  nature,  their 
solutions  were  not  attempted,  The  effects  of  longitudinal  iner¬ 
tia  and  shear  deformation  on  torsional  frequencies  for  various 
boundary  conditions  of  short  wide-flanged  thin-walled  beams  of 
open  section  were  not  yet  fullj  analyzed*  Further,  it  is  observed 
that  the  torsional  frequency  values  for  Indian  standard  wide^- 
flanged  I-beams  are  not  available A in  the  literature, ’tiii  f 

The  present  chapter  therefore  deals  with  exact  and  app¬ 
roximate  analytical  solutions  of  torsional  vibrations  of  short 
wide -flanged  thin-walled  beams  of  open  section,  for  which  the 
shear  center  and  centroid  coincide,  including  the  effects  of  lon¬ 
gitudinal  inertia  and  shear  deformation*  The  governing  equations 
of  motion  are  desired  using  Hamilton’s  principle.  The  method  of 
solution  used  by  Huang  (  6$  )  in  the  analysis  of  Timoshenko  beam 
equations  in  flexural  vibrations,  is  applied  to  the  coupled 
equations  of  motion  to  derive  a  clear  and  neat  set  of  frequency 
and  normal  mode  equations  for  six  common  types  of  simple  and 
finite  beams .  Solutions  are  obtained  for  two  complete  differen¬ 
tial  equations  in  angle  of  twist  and  warping  angle  reepec lively* 


'“1 
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Th«  constants  in  aolutiona  *r«  raided  by  nny  on® 

of  thfl  original  oouplod  ©quatione  from  which  th©  twa  aomplat© 
equations  are  derived,  The  advantage  of  this  method  is  that 
the  "boundary  conditions  prescribed  are  homogeneous  and  the  ana¬ 
lysis  becomes  quite  simple.  The  expressions  for  orthogonality 
and  normalizing  conditions  for  the  principal  normal  modes ,  which 
are  useful  in  solving  forced  vibration  problems  and,  which  in¬ 
clude  both  the  angle  of  twist  and  warping  angle  are  also  obtained 
in  this  Chapter  for  both  the  general  case  and  for  beams  with  va¬ 
rious  simple  end  conditions, 

0&-  ^  aw 

To  faoilitate^the  designers,  extensive  design  data  ta  pre¬ 
sented  for  the  torsional  frequencies  of  Wide-flanged  doubly  sym¬ 
metric  I-beams  with  various  types  of  end  conditions.  The  results 
for  the  first  four  modes  of  vibration  for  various  typeB  of  end 
conditions  are  presented  in  tabular  form  suitable  for  design  use. 

To  supplement  the  exact  solutions,  with  approximate  analy¬ 
tical  solutions,  the  problem  is  also  solved  for  some  typioal 
'boundary  conditions  utilizing  the  Galerkin’ s  technique.  Depen¬ 
ding  upon  the  assumed  functions  satisfying  the  prescribed  boun¬ 
dary  conditions  of  the  beam,  Galerkin* s  technique  is  found  to 
give  nearly  accurate  results. 


4.2*  BASIC  ASSUMPTIONS; 


The  problems  investigated  in  this  Chapter  are  restricted 
to  the  following  assumptions: 

a)  The  material  of  the  beam  is  homogeneous,  isotropic  and 

obeys  Hooke fs  law.  1 

b)  By  symmetry*  the  cross  sections  rotate  with  reapect 
to  oentroi&al  axis,  the  warping  is  confined  to  flanges  only. 

f 

o)  Plane  croon  oeotioun  of  different  at  might  ploooo  re¬ 
main  plane,  and  warping  ac cross  the  thickness  of  these  cross  sec¬ 
tions  is  neglected, 

d)  The  distortion  of  the  wab  out  of  its  plane  is  assumed 
negligible, 

e)  Bending  of  the  flanges  does  not  produce  any  additional 
shear  stresses  on  the  flange-web  section. 

f)  No  internal  and  external,  damping  forces  exist. 

g)  The  deformations  are  small  compared  with  the  cross- 
sectional  dimensions  of  the  team  in  the  linearized  problem. 

4 

4,3,  DERIVATION  OF  BIPFEREN1 IAL  EQUATIONS  OF  MOTION: 

Figg.4.1  and  4,£  show  a  differential  clement  of  length 
hds  of  a  wide-flanged  I-beam  undergoing  torsion.  The  strain  energy 
at  any  instant  t  in  a  beam  of  length  L  due  to  Saint -Venant 
torsion  ia  (See  Eq.,  2,2a) 
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Accompanying  tho  rotation  in  t\  warping  of  th*5  orooo- 
section  which  is  assumed  constant  in  each  piece  of  the  cross- 
section  having  a  moment  M.  Thus  for  the  wide-flanged  section, 
warping  is  confined  to  flanges  alone  and  its  angle  of  rotation 
denoted  by  >  (z, t);  see  Figs*4.1  and  4.2. 

Pig. 4, 2  (b)  shows  an  element  of  the  top  flange.  If  w  is 
the  z-displacement  of  a  point  in  the  top  flange,  then 


(4.2) 


w  =  (xf  Z,  t)  a  -  X  V 


and  the  z-component  of  strain  is  given  by 


(4.3) 


The  section  is  thin,  so  we  assume  G* y”*  ^00*ce  * 8  ^aw 

elves  0~~  =  E6  ,  where  E  is  Young fs  modulus.  Moment  M  due  to 
D  z  z 

stresses  <F"z  is 


M  =  El -  ^ 
f  dz 


(4.4) 


It  1b  easily  verified  that  stresses  give  rise  to  no 

net  axial  force ,  and  moment  M  in  the  top  flange  and  -M  in  the 

bottom  flange  cancel  so  that  no  net  moment  My  exists  on  the  cross- 

section.  If  U0  is  the  strain  energy  of  the  two  flanges  due  to  the 
4 


warping  normal  strain  (  ?S  ) ,  then 


U, 


2 


L 


)dz  =.  /  2EIf(-3^-)  dz 


(4.5) 


If  6  .  is  the  shear  strain  at  the  center  of  the  flange, 
sh 


I 
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X  =  0,  then  by  definition 


(4.6) 


where  u  is  the  x-dis placement  of  the  top  flange  center  line. 
Eq.(4.6)  introduces  the  effect  of  transverse  shear  deformation 
used  for  bars  by  Timoshenko  (to))  and  later  applied  to  plates 
(  V  ).  Using  Hooke's  law  for  shear,  the  value  of  S  ^  given  by 
Eq.  (4.6)  is  assumed  proportional  to  the  total  shear  force  Q, 

"  «  "  KVSsh  U.7) 

where  Af  is  the  cross  sectional  area  of  the  flange,  and  K  is 
the  transverse  shear  coefficient,  She  equal  and  opposite  shear 
forces  Q,  a  distance  h  apart  in  the  top  and  bottom  flanges,  give 
rise  to  a  torque1  due  to  warping,  ,  given  by 

*w  -  -  W  -  K’Afsh(|-3|  -V)  (4.8) 

in  which  displacement  compatibility  at  the  web-flange  joint 


u  -  (h/e)  0  (4.9) 

has  been  used  to  eliminate  u  in  Eq. (4.6). 

The  total  torsional  couple,  Tt>  on  the  cross  section  is 
given  from  Eqs.(g.Sa)  and  (4.8)  as 

Tt=  Ts+  Tw=  GCs  H  +  K  ||  “V  )  (4.10) 

^hs  strain  energy  due  to  shear  deformation  of  the  two  . 
flanges,  U3,  ia 


Ill 


She  total  strain  energy,  U,  at  any  instant  t  is  given 
from  Eqs.(4.l),  (4.5)  and  (4.11 )  "by 


’  S  Gcs(||)  +  2BIf (iTj^  +  Sk'Aj-GC^  ||  ~lp)  dz  (4.12 


Tlie  total  kinetic  energy  at  time  t  is 


(4.13) 


where  the  first  term  is  the  Kinetic  energy  of  torsional  rotation 


0  and  the  second  term  is  that  due  to  longitudinal  (warping)  dis¬ 


placements  of  the  two  flanges. 

Since  our  object  here  is  to  study  the  free  vibrations  of 
the  beam,  the  potential  energy?  of  the  external  force  system 
is  taken  as  zero.  If  TKand  U  from  Eqs.(4.1S)  and  (4.13)  are  sub¬ 
stituted  into  the  Hamilton  integral  given  by  Eq.(2.l),  and  varia¬ 
tions  taken,  and  after  integrating  the  first  two  terms  by  parts 
with  respect  to  t  and  next  three  with  respect^z?  we  obtains 


112 


-> 

tA 


fGOe  ^  +  K'AfGllf|  -p  )|  ¥  +  2EIf  6'^ 


03 


dt  =  0 


-10 


(4.14) 

Assuming  that  the  values  of  0  on&'pp  are  given  at  the  two 
fixed  instants i  the  second  integral  vanishes*  If  the  boundary 
conditions  are  such  that  the  third  integral  also  vanishes,  then 
we  obtain  the  following  two  coupled  equations  of  motion: 


GC 


e  a* 
and 


fi  *  ■=' vh<!  ^  m  -  pl  =  o 

a T  2  a_  p  gt2 


(4.15) 


EIf  Tlf  +  K  Af &  ^  “  V)  -  Plf  “  0 

1  a32  f  3  ez  f  at2 


4.4. (a)  NATURAL  BOUNDARY  CONDITIONS : 


In  deriving  -the  coupled  equations  (4.15)  and  (4.16)  from 
(4.14)  it  was  assumed  that  the  expression 


Gc  +  k'a fSh(§  &  -y>) 
3  dr,  1  2  dz 


&0  +  EBI-  lip 
:  f  03 


vanishes  at  the  ends  z=0  and  z=L.  This  condition  Is  satisfied 
if  at  the  two  endst 


GO 


M  + 


30 


¥  -  0, 


(4.17) 


(4.16) 


-  t-i: 


and 


-sh  6y  =  „. 


(4.18) 


■> 
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aqnn. (4.17 )  and  (4.1B)  siv9  M®  natural  boundary  conditions  for 
the  finite  bar,  and  are  satisfied  if  the  end  oonAitions  are  taken 


as: 

1. 


,  A  .  d2f> 

0  «*  0  and  - 


(4.19) 


Ihese  conditions  imply  no  end  rotation  and  aero  bending  moment 

in  tlie  flange-ends.  In  this  case,  the  web  is  constrained  against 
rotation  while  the  flanges  are  free  to  warp.  This  is  the  case 
of  a  ''Simply  Supported  and''. 


g.  0  =  0  and  ’W  =  0 


(4. SO) 


These  conditions  imply  constraint  against  end  rotation  as  well  as 
end  warping,  and  hence  give  no  end  deformation.  These  conditions 


define  a  ' 'built-in  end' ' . 

».  -  o  iV*<|  £ -■*> 


0 


(4,21 ) 


The  Be  conditions  imply  zero  bonding  moment  in  the  flange  ends  and 
no  torque  at  the  nnd  crone  sent ion*  Tho  end  in  thus  free  from 
tr^ottonfl  Find  thft  ootidHiI.ontt  ftorrftfloortd  to  a  n 


4.  ^  =  0,  «>e-5|  +  K,Afah(|-5|-?P)=0 

or  equivalently, 

y>  “  o*  H  = 0  f4,2£ 

The  latter  conditions  imply  no  warping  and  aero  shear  forces  in 
the  end  flanges. 


These  conditions  are  useful  for  finding  symmetric  modes 
of  vibration  in  simply  supported,  fixed-fixed,  and  free -free  be. 
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(*>)  IffiSj-DEPETOEHT  BOUNDARY  CONDITIONS: 

The  homogeneous  boundary  conditions  discussed  above 
give  the  free  vibrations  of  beams.  For  forced  vibrations  pro¬ 
duced  by  the  motion  of  boundaries,  appropriate  time  dependent 
end  conditions  are  given  by  prescribing  at  each  end  one  member 
of  each  of  the  products: 

j  GOs  if  +  K*Af&h(|  -TjO  j&0  and  EIf  ^  V. 
or  equivalently  of: 

Tj.50  and  M6lp, 

Of  the  many  conditions  thus  obtained,  the  following  are  of  more 
theoretical  interest; 

1*  torque  T^  prescribed,  bending  moment  M  ■  0  or^P  ■  0, 

0  or  ■’j^r  prescribed,  bending  moment  M  =*  0  or^p  =  0, 

3.  '  bending  moment  M  prescribed,  torque  T^o  0  or^  «  0, 

4*  or  prescribed,  torque  T^  or  0  =  0. 

In  the  case  of  semi-infinite  beams,  conditions  need  be 
prescribed  at  one  end  since  all  physical  quantities  at  any  ins¬ 
tant  are  zero  at  the  far  end. 

4.6.1.  SINGLE  EQUATION  IN  ANGLE  OF  iMIST : 

Eliminating  Ip  between  the  coupled  equations  (4.l5)an& 
(4.16),  a  single  equation  of  motion  in  angle  of  twist  0  may  be 
obtained  as : 
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BIf°s 

-.  g  +  EC 


I£ 


Af. 


a40 

az4 


E 


Af 


K  Af  G 


K 


eijh2 


a40 

Bzg0tS 


GO  — 
®  9  2;^ 


+  p  i  i!|  +  L^l-Tx  =  o 

9z8  p  at2  K  A^G  at4 


(4. S3) 


'  '  Eq.(4.23)  ig  a  linear  partial  differential  equation  of 

fourth  order ,  and  is  of  the  game  form  as  the  Timoshenko  beam 
equation  for  flexural  vibrations  (  Jo|)»  under  an  axial  load  P 

a2 

which  introduces  an  additional  term  -  P  - — *  (as  spring  restoring 

\  9 z' * 

force;  in  the  Timoshenko  equation.  It  ia  clear  that  the  term 

-  GO  is  analogous  to  the  term  -  P9  .Y  . 

3  az2  az2 

4.5.3.  ANALYSIS  OP  VARIOUS  {TERMS : 

i)  Letting  Cw  =?If  =  0  and  K*-  ®,  Eq. (4.23)  reduces  to: 

S2r 


GO 


£t-  pi  ii  -  o 


p  ats 


(4.24) 


IMb  equation  represents  Saint  Venant  torsion  theory  for  slender 
beams  and  does  not  include  warping  of  the  cross  section,  shear 
deformation  and  longitudinal  inertia  effects.  It  is  given  in 
Love  (  76)  and  is  discussed  by  Gere  (32-). 

ii)  Cw  =  0  and  E  ■*  «®,  then  Eq.(4.23)  becomes! 

,2  *4. 


go  m  ♦  ^  m  fz  ^|  =  o 

a  3z2  z  dz29t2  '  p  dt2 


+ 


(4.26) 
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ITae  second  term  represents  Love's  corrections  (?k)  for 
ths  longitudinal  Inertia  added  bo  Llq ,  (4 .24 )  mid  corresponds  to 
Rayleigh's  correct  ion(/oc$ f  for  lateral  inertia  in  the  elementary 
theory  for  longitudinal  vibrations. 


iii)  If  flf3  0  and  K ®  ,  Eq,(4.£3)  reduces  toi 

EC  - GC  ^4  +  ?I  ^4  ~  0 

w  5Z4  B  az2  P  at8 


(4.26) 


This  equation  represents  Timoshenko’s  torsion  theory  which  in¬ 
cludes  the  effect  of  warping  of  the  cross-section  and  has  been 
treated  in  detail  by  Gere(i20. 


It) 


If  K  -  Eq.(4.23)  reduces  to: 


EG 


w 


-  00,  ^4  * 

2  9z2*t2  a  az2 


'h*-* 


at4 


(4.27 ) 


This  equation  represents  Love's  correction  added  to  Timoshenko's 
torsion  theory  and  corresponds  to  Rayleigh’s  correction  of  rotary 
inert ia(JD°) ,  in  the  Bernoulli**Euler  beam  theory. 


v) 


If  ^  If-  Oj  then  Eq,(4,23)  is  given  as: 


+  SC  )  ^4  -  GO  ^  +  pi  =  0  (4  28) 

KAfG  w  3?  KU  03gat2  B  ^  2  r  -  K  } 


K  AfG 


s  9rS 


dt£ 


This  equation  represents  the  effect  of  shear  deformation  added 
to  Timoshenko f 3  torsion  theory. 

vi)  The  part  of  Eq.(4,£3)  given  by: 

_  p-^i  & 

k  as2#te  k  A^a  as4 
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arises  from  the  coupled  interaction  of  torsional  deformation 
with  the  handing  effects  of  shear  deformation  and  longitudinal 


frequencies  and  short  wave  lengths,  a  new  mode  of  wave  transmis- 
a  ion  in  long  bars,  and  a  completely  new  spectrum  of  natural  fre¬ 
quencies  in  finite  bars* 

4.6*  h  ON  ~D  I  MEN  3 ION Ah I Z  AT  I  Oh  AMD  GENERAL  SOLUTION: 

Eliminating  0  in  Eqs.(4.15)  and  (4.16)  we  obtain  the 
complete  differential  equation  in  warping  angle  l^as: 


(4.29) 


let 


0-0  e^n^ 

=  V  B^H* 
Z  =  s/L 


(4.30) 


(4.31) 


(4.32) 


where  {5  iB  the  normal  function  of  0, ^  the  normal  function  of 
Tp,  Z  the  non-dimensional  length  of  team,  i  =  Y^T,  pnthe  natural 
frequency  of  vibration. 


Substituting  Eqs.(4.30)  to  (4.32)  and  omitting  the  fac¬ 
tor  e1^,  Eqa.(4.15),  (4.16),  (4.23)  and  (4.29)  are  reduced  to: 
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_ t  t  _  ■  „  1 

(sSKS+  i)  0  +  XSs20  -  (gl/h)<X>  =  0 

(4.33) 

a2y>"-  (i-X2s2d2)^  +  (h/2L)  ^  ^0 

(4.34) 

l.¥t  O0lT+)sS(aV+  ,V)j  =  0 

(4.35) 

(e2IC2-tl)?^  +X2(aSaS+  s2)?^  -  >?(l-x2a2d8)^  -  0 

(4.36) 

where 

aS  -  1  +  eSK2  -  IC2/)^2, 
v  2 

A  =  ~ * -  t  frequency  parameter, 

EC 

w 

(4.37) 

(4.38) 

o 

Kr  =  - a  ,  warping  parameter, 

ECw 

2  IfhS 

a  =  - -  ,  longitudinal  inertia  uarameter, 

(4.39) 

.t  r 

(4.40) 

* 

S 

s  -  “i - 5  ,  shear  deformation  parameter 

K 

i 

f 

•  (4.41) 

and  the  primes  for  0  and  represent  differentiation  with  res¬ 
pect  to  Z. 


The  general  solutions  of  E<js.(4.35)  and  (4.36)  can  he 
found  as: 

0  -  L ^  oogh  >a2Z  +  A2  sinh^agZ  +  Ag  cos>\  pgZ  +  A4  sinAPgZ  (4.42) 

_  1  I  1  , 

Y  =  aiiihXagZ  +  Agaogh X «EZ  +  Agsin^  PgZ  +  A4cosA  PgZ  (4.43) 
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where 


and 


pg  T8(s2K2+  l)1/2 


[(a2d2-sS)8+  4/>2]l/2  >  (a2d2+s2) 


r- 

1/8  j 

1 

i  T  (a2d2+  sSK 

(a2dS-sS)2+  4/>® 

1 

(4.44) 


is  assumed. 

In  ease 

we  write 


[(.V-  8C)S+  i/-/]1/S  <  (a2d2+  a2) 


2  ”  f2'(sSK8+  1)'^ 


f  S  j  2  ,  2  \ 

(ad  +  b  )  - 


<a2d2-  s2>%  4/>f 


1/2 


i  . 


i/z 


=  1  a_ 
i  <  1  w2 


(4.45) 


Then  Eqs.(4.4S)  and  (4.43)  are  replaced  by 

0  =  A^cos  )\ttgZ  +  i  AgSin^otgZ  +  AjCOs-^  PgZ  +  A^sinX^g2  (4,46) 


-jp  ~  i  A^sin^ctgZ  +  AgOOs>\agZ  +  AjSin^pgZ  +  A4cos>\PgZ  (4.47) 

Solutions  of  Eqs.(4.4g)  and  (4.43)  or  (4.46)  and  (4.4?)  are  natu¬ 
rally  the  solutions  of  the  original  coupled  equations  (4.15)  and 
(4.16). 


Only  one  half  of  the  constants  in  Eqs.(4.42)  and  (4.43) 
are  independent.  They  are  related  by  Eqs.(4.15)  or  (4.16)  as 
follows  t 


a  rfr  i  -  \8 


■  Ar 


h^s 

SL 

2L 


„  >V(-f +  a8)  ]  jj' 

[ 1  ■  >8s8(«|  +  as) 


3  '  ^  [l+Mi3l  .  de} 

2L  r 

^ [ 1  *>^1- **)]*• 


]■; 

]< 


or 


A4  - 


*  -  M 


^2  a  [  ^2fs3|cg+  1)  +  a5 


*imJ$bl  -  a*~i 

II 


I  -  *2' 


A„ 


4-,?'  ^sass^ategifs 


AttD  MOnji,  fjtjCTt,Wc,. 


(4.48) 

(4.49) 

(4.50) 

(4.51) 

(4.52) 

(4.53) 

(4.54) 

(4.66) 


■k*  ssotion  4 . 4  fn  }  «  , 

—  *  -*-*  ^Z.'rr  ——  -  -- 


conditions  in  pairs , 


^le-span  b.m,  oan  be  toes  „r 

“OMIMoia  CM  be  „ritten  aa. 


Parameters  +h  K  ^lysed.  in  terms  of  non  rti 

S’  toe  boundary  a°n-<Ume«3ionaI  - 
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-r  1 .  Simple  Support : 

_ 

0  a  o,  ^  *  o  U.efl) 

8*  £lxad  Suivoort  i 

3-0,  £  =  O  (4*57) 

3  *  Free  Bndi 

—  1  -  * 

■  V  "  0,  (s2K2+  1)0  -  (2L/h)  ^  =  O  (4.58) 

iEha  application  of  appropriate  boundary  conditions  (4.56) 
to  (4.58)  and,  relations  of  integration  constants  (4.48)  to 
(4.55),  to  equations  (4,42)  and  (4.43)  yields  for  each  type  of 
beam  aJjet  of  four  constants  A^  to  with  or  without  primes. 

In  order  that  the  solutions  other  than  zero  may  exist  the  deter- 
I  ntlnont  of  the  ooaff iolenlia  of  A's  must  be  equal  to  zero.  1‘hia 
leads  to  the  frequency  equations  in  each  case  and  the  roots  of 
these  frequency  equation,  i  =  1,2,3,... n,  give  the  eigen  va¬ 
lues  of  the  problem.  Ihe  corresponding  modal  functions,  0^  and 
can  be  obtained  accordingly. 

4.7.1.  SIMPLY  SUPPORTED  BEAM; 

* 

(The  boundary  conditions  for  a  beam  simply  supported  at 
both  ends  are : 


and 

_  _! 

0  a  ~  0 


at  Z  =  1 
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For  the  second  pair  of  conditions  at  Z  =  1,  Eqs.(4.42) 
and  (4.43)  give: 


Ag  sinh  X  cc2+  A4  sin  >  Pg  =  0, 


and 


[ag(s2X2+  l)+  32}A2sinh>i  1  a2]  A4sin  >sP2=  0. 

(4.60) 

Por  a  non-trivial  solution,  the  secular  determinant  must 
vanish.  This  gives  the  characterestic equation! 


(s2K2+  l)(oc2  +  P2)  sinh^Xag  sin^Pg  =  0 


(4. 61) 


Since  (s  ,K  +  l)(a2  +  P2)  ^  0,  the  possible  solutions  are: 


>“2  =  0,  >\02  =  0; 


^  ap  =  0,  A  P  /  0; 


A  a,->  0 ,  A  pg  =  0; 


^a2  ^  ^)P2  =  nn,  n=l,2,3,... 


The  solution^  a2=0,  ^  Pg=  0  is  not  valid  and  the  cases  J\a.  ^  0, 
APg  =  0  and>\ag  =  0,  AP2  £  0,  by  Eq.(4.44)  implyX  2=  0  and 


'i 


For  the  boundary  conditions  at  Z  =0,  Eqs. (4.42)  and  (4.43) 

give : 

A1+  A3  =  0, 

ja2(a2K2+  1)  +  s2]A1-fp2(82K2+  1 )-  s2]^  *=  0 

Since  the  secular  determinant,  ie.,  (s2K2+  l)(a2+P2)  £  0,  there¬ 
fore  it  follows  that:  ^  =  Ag  =  0.  (4.59) 


Jt 


/  :•»* 
?  'f' 
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=  l/s2d2  Respectively.  Using  the  Eqs.(4.42)  and  (4.43)  and 
following  the  above  procedure  f  or  >2  =  0,  and  for  >2  =  l/s2d2, 


we  can  see  that  the  former  case  leads  to  a  trivial  solution  and 
the  latter  to: 


0  =  0,  =  constant 

The  critical  frequency =  l/a^d^  thus  represents  the  first 


(4,62) 


thickness  shear  mode  of  the  flanges  (loo).  The  existence  of  this 
rtode  for  the  simply  supported  case  of  Timoshenko  beam  in  flexu¬ 
ral  vibrations  hag  been  demonstrated  by  Trail-Hash  and  Collar  {3  ), 
It  is  overlooked  by  Anderson  (  3)  and  neglected  by  Dolph  (  3)  by 
a  wrong  interpretation  of  the  associate  results. 


The  last  case: 


>v«0  ^  0,  >^2  -  m,  n=l ,2,3,...  (4.63) 

leads  to  the  main  solution  of  the  problem.  Letting  >pp2=  -n2n2 
in  Eq. (4,44 ) ,  the  frequency  equation  in  is  obtained  as: 


(4.63) 


This  equation  gives  two  real  positive  roots: 


This  frequency  equation  (4.65)  in^2,  has  an  Infinite 
number  of  roots  which  in  general  represent  two  coupled  frequency 
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spectra.  It  may  noted  that  the  roots  >2  is  always  >  l/e2ds. 

The  roots  greater  than  the  critical  -value  are  also  admissible 
since  the  same  frequency  equation  is  obtained  for  the  case 

^  >  l/s2d<'.  Thus,  both  the  rootsyl^.SG)  are  admitted  and  con¬ 

stitute  the  two  uncoupled  frequency  spectra. 

i 

Using  (4.63)  and  (4.60)  one  gets: 

Ag  =  °.  (4.66) 

The  modal  functions  are  obtained  from  Eqs.(4.42)  and  (4.43)  with 
A  a  given  by  (4.59)  and  (4.66).  These  are  given  as: 


4n  53  sln  n1tZ 


Vmn  2mtL 


nS7i2(sV+  l)->2m  s2 


cos  nTtZ 


(4.67) 

(4.68) 


where  >2 ^  being  given  by  (4.65). 


The  second  spectrum  appears  at  higher  frequencies!  grea¬ 
ter  than  the  critical  frequency  A  given  by 


^  c  =  l/sBd2  (4.69) 

and  is  due  to  interaction  between  shear  deformation  and  longitu¬ 
dinal  inertia.  Eq.(4.69)  therefore  shows  the  thickness  shear 
nature  of  the  critical  frequency  while  Eq.(4.65)  shows  the  two 
frequency  spectra,  uncoupled  in  the  present  case. 

The  classical  Timoshenko  torsion  theory  provides  only 
one  set  of  frequency  spectrum,  while  the  present  analysis  provides 
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two  frequency  spectra.  The  eigen  values  X  of  the  first  set  of 
frequency  spectrum  cover  the  whole  range  from  zero  to  infinity, 
hut  these  of  the  second  set  range  from  the  critical  frequency 
given  by  equation  (4,69)  to  infinity. 

For  this  case  of  a  simply  supported  beam,  Aggarwal  (3), 

Tgo  (foLj)  and  Krishna  Murty  and  Joga  Rao  (TO)  also  illustrated 
two  sets  of  frequency  spectra.  It  is  to  he  mentioned  here  that 
for  the  range  of  the  values  of  the  dimensionless  parameters 
oovered  in  this  Chapter,  X  is  less  than  XQ. 

and,  the  characterestic  frequency  equation  (4.6l)  transforms  to: 

ain  X  sin  X  =  0  (4.70) 

where  is  given  by  Eq.  (4.45). 

Hence,  in  case  there  is  any  extension  from  there  on  for 
A  beyond  J\c  ie.,  A  s  d  >1,  care  should  be  taken  to  account 
for  the  frequencies  of  the  second  spectrum  which  can  he  obtained 
from  Eq. (4.70 ) . 

By  putting  s^=  dS;=  0  in  Eq.(4.64),  the  equation  for  the 
frequency  parameter  A  >  neglecting  the  effects  of  shear  deformation 
and  longitudinal  inertia,  can  be  obtained  as s 

A2  =  n2Tt2  (n2n2+  PC2)  (4.71) 

which  is  the  same  as  that  derived  by  Gere  (32)  utilizing  Timoshenko 
torsion  theory. 


Bor  the  case,  X  >  A^>  ii  is  convenient  to  use 
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4.7.2.  FIXJ3D-7IXED  BEAM: 

In  the  oelgg  or  a  beam  which  is  built-in  rigidly  at  both 
ends,  the  boundary  conditions  are s 

0  =  f  =  0  at  2-0, 

and 

0  =  ^  =  0  at  Z  “  1  • 

Applying  the  above  boundary  conditions  to  the  general  solutions, 
Bqs.(4.4£)  and  (4*43),  the  frequency  equation,  for  the  first  set 

(A  <  )  t  can  be  obtained  aa : 

o 


£  -  2  cosh  )\^2  008  ^  ^2  ' 


*62  s2(sE-A2W3B2-a2a2)] 

+  (1-  I)1'2  ■lnh*Vln>'-p« 

The  frequency  equation  for  the  second  aet  (/^>A0)  let 


0 


(4.72) 


2-2  cos^ctg  cosA  Pg 

rxVtsS-aWf^-aV)]  ,  s  a 

+  ( >?ssa2-i )1/s  (.V+  i)1'2  si"A“2  Bl  2  =  ° 

The  modal  functions  for  the  first  set  are  given  "by: 

0  =  B(cogh>o£gZ+  6  ^9  sinhA  &pZ-  cosA  pgZ  +  ^sinA  PgZ) 

v 

Y  =  C(cogh  AagS+^j-sinh  AagZ-cos  >i|3gZ+^^3in^  PgZ) 


(4.73) 


(4.74) 

(4.75) 


,  '  I  ••  .  j 

'  ■  :  {'  ■  .  % 

'>  .'X:.  -  i. 

■  l  ■ 

where 

j '  .  •' 

: 

1  ;  '  .  :  *  , 
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6  "  “2/P2 


■  r  <  ,  i  r  ' 

:u., 

"  ir. 


. 


e  = 


j3g(s2K2+  1)-  s{ 


a2(s2K2+  1)+  gs 


ag(s2K2+  l)+  a2d 


2*2 


P2(a2Ks+  l)-  a2d2 


.  *■  * 

.-s' 


'_"P»<»*K«+  1)_  92 


^(s2!!2*  l)+  a242 


'TV*;; 

. 


P2(b2K2+  1)-  a2d2  '  ct2(s2KS+  i)+  s2 


•b\ 


1  1  * 


-  cogh>\ag+  cosA  Pg 


i  .  I. 


^0  sinh  /\ag-  sin  X 


\"T\  ' 


/ A1 


-  coah>sag+  oos  X  pR 


(l/60 ) sinh  >stxg+  sin>\,pg 


The  modal  functions  for  the  second  set  are i 

;■  .  —  J  -  ■  ’  ■  .  i  V-,  • 

0  =B(0os>agZ-  6  ^g0  sinAagZ-  cos  >  pgZ  +  7  gsin  X  PgZ) 


_ 


0(oos>agZ+^  sinXagZ-  cos  >\ PgZ+AjSin  >ppz) 


where 

It 


T  *>*•': 


l 


6'  = 


a2  ^^2 


r  ’ 


2 


cos7)ap-  cos  A  Pc 

*~T" -  . — f - “* 


6  6  sin  /"'Gg-  sin)\pg 


A  = 


-  cos,X1q:„+  cos  A  |30 
- -r^  4  ~ - & 


(l/5  6 )sin>\ ag+  sin>i  Pg 


.  -FiV;", 


1 
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Since  the  coefficients  in  0  and  ^  of  Eqs.(4.42)  and 
(4.43)  are  related,  the  constants  B  and  0,  that  appear  in  the 
modal  functions  given  above  are  connected  through  any  one  of 
the  equations  of  (4.48)  to  (4. Si)  or  (4.5S)to  (4.65). 

4*7,3*  ggAM  FIXED  AT  OHE  EHD  Alffi  SIMPLY  SUPPORETTO  aj  TH3  q^b. 

Witn  the  end  Z  =  0,  taken  as  built-in  end,  and  the  end 
1  as  the  simply  supported  end,  the  boundary  conditions  are: 

0  “  V  ■  0  at  2=0 

and 

-  _  1 

0  =  Ip  =0  at  3=1. 

The  frequency  equation  obtained  from  applying  the  above 
boundary  condition  to  the  general  solutions,  EqS.(4.4g)  and  (4.43), 
for  the  first  eet  (/\</\^)  is  given  by: 

66  t“h>'1 V  ■  0  (4.85) 

The  frequency  equation  for  the  second  set  (A  >  A  )  is; 

C 

a  0  taim>g+  s  o  (4>86) 

The  modal  functions  for  the  first  set  are  given  by:' 

0  =  B(coghAagZ-  ooth^ot,,  sinh  A,ag2-  coa  >)  PgZ 

+  cot^Pg  ain^PgZ)  (4.87) 

£  =  0(eoah>agZ+^a  sinh  XugZ-  cos  APgZ+/*3  sinX  PgZ)  (4.88) 

'' 
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where 


/s  = 


-  (S  slnhAa2+  slnXpg) 


(4.39 


{l/0)coshAot2+  cosXPg) 


The  modal  functions  for  the  second  set  are! 


(4.9C 


(4.91 


where 


s~  T~7~\ - — > - (4.92 

(l/e)ooa Xfl£0+  oooX 

4.7*4.  CANT ILE3ER  BEAM  WITH  ONE  ENh  'F'T'Srrm  AKD  FREE  AT  THn  (TTOTTB  • 

Ifor  a  Oantilever  beam  built-in  rigidly  at  the  end  Z»0 
so  that  warping  is  completely  prevented,  and  with  a  free  end  at 
2=1,  the  boundary  conditions  are: 


0  =  V=  O  at  Z  =  0, 


and 


=  0,  (s2K2+  l)  0  -  (gL/h)  =  0  at  Z  =  1. 

The  frequency  equation  for  the  first  set,  in  this  case, 
can  be  obtained  ae: 
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Tha  frequency  equation  for  the  second  set  is  given  by: 

2  +  [j>\£(a2&2-  s'J)+  Ejcos^oig  cosX 

"  "c sinMz  Bln^ =  0  (4*94) 

The  modal  functions  for  the  first  set  are: 

0  =  Bfcoah^agZ-  69  ^Binh  >agZ-co8X  PgZ  +  ^BinX  PgZ) 

4 


y*  ~  °(cosh  XagZ+  -^sinh  XagZ-cos  APgZ+Z^sin  \pgZ) 


where 


t  4  = 


(l/6)  sinh  X«o-  a!nXpo 

- - —  & - & 

9  OOgll^d  +  COsX  fX 


(6  sinhX«2+  sinX  pg) 

(l/e)coahXo:g+  003  APg 

fhe  modal  functions  for  the  second  set  are 


(4.95) 

(4.96) 


(4.97) 


(4.98) 


0  -  B(ooB>vXgZ+  6'9a5  einVga-  co3  Af3gZ  n5sinXPgz)  (4.99) 

-  Cfcog^agZ  _  ^-gin  XagZ-  cogXPgZ+/A.g  ginAp^Z)  (4.100) 


4  5  = 


Ac  = 


(1/6  )  sin>,ag-  sinX  Pg 

6  C08-X  0£g  +  COsX^ 

6  sinAtXp-  sinX 
(l/0)  cos  M2+  cos X 


(4.101) 


(4.102) 


where 
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4*'?*s*  0M.TII3SVBH  -BEAM  WITH  ONE  END  S  THPLT  SUPPORTED  A  ['ID  FHEJi! 
AT  THE  OTHER : 


Por  a  Cantilever  beam  gimply  supported  at  the  end  Z=0 
and  free  at  Z=1 ,  the  boundary  conditions  are  : 


„  i 


0  a  V  “O  at  Z  »  0, 


and 


Ip  =  0,  Cs2IC8+  1)0  -  (slA)*^  at  Z  «  1 , 


The  frequency  equation  for  the  first  get,  in  tills  oase 


iDecomea : 


6  tanh^ap-  6  tan  X  P0~  0 


(4.103) 


The  frequency  equation  for  the  second  get  is  given  by: 


,  S' tan  Aa'+  8  tan  Apo  =  0 


(4.104) 


The  modal  functions  for  the  first^are: 


-  ^  6  Pg 


cogh^a. 


sinhXa  Z  +  gin>  p_z 


(4.10c  M 


9~  _  sin^P2 

^  =  7  TTr -  coshXotpZ  +  eosXPoZ 

o  sinh>a„  A  3 


(4.106) 


The  modal  functions  for  the  second  set  can  be  obtained  £_J 


5  oos  XPj,  , 

- — ? —  3inXa_Z  +  sinX  &nZ 
oos  Xa_  2  2 


(4.107  I 


-0_  slnASp  , 


(4. 106 1 


132 


4.7.6.  BEAM  WITH  PHEI3  ENDS ; 


In  the  case  of  a  beam  which  is  free  at  both  ends,  the 
boundary  conditions  are: 

_  t  _  F  ^ 

a  O,  (s2K2+  1)0  -  (2L/h)  Tp  =  0  at  2  «  0, 

and 

^  *  o  o  —  ’  _ 

y>.  =  0,  (s8ir+  1)0  -  (2l/h)V.=  0  at  Z  =  1. 

The  frequency  equation  for  the  first  set,  in  this  case 
can  be. obtained  as: 

2-8  oosh}\a2  cosAPg 

A  [>2a2d2 { a2d2-a2 ) +(Sa2d2-  s2  )J 

+  _(  1-  AW)1'2  (,V+  l)1/2  8lnh  P2  “  0 

(4.109) 

The  frequency  equation  for  the  second  set  is  given  by: 

1 

2-8  cos  Aotg  cos  APg 

>,  [X*»V(a8d*-«®)S+  (3oV-bS>] 

+  TZQuCTW*  (A’W''2 — 1  ■‘“V'H' 0 

(4.110) 

The  modal  functions  for  the  first  set  can  bs  obtained  as: 

0  =  B(eosh>ia2Z-  sinh  ^“gZ^eos  ApgZ+(l/^  6)sinA  PgZ)  (4.11l) 

^  =  C(cosh>a2Z-  sinh^agZ+0  cosX  PgZ  +  (l/y  g)sinApgz)  (4.112) 
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where 


oo  eh  ooa  M 


6  ginh  M2-  fl  sin  />  Pg 


I'he  modal  functions  for  the  second  set  are  given  by! 


0  =  Bteos^CgZ-S'/^gSin  >agZ+(l/e)cos  ^PgZyAgSin^pgZ)  (4. 114) 

=  CCoog^cigZ-CAg/s' )sin>,  «gZ+ 9  cob  >\P2Z+(l//tA6)sin>sPgZ)  (4.115 


where 


cosmos-  -  cosA  Pn 

*7f - A  t  ' 

0  sin  A«g+  0  sinAPg 


(4.116) 


4-8.  ORTIIOaOHALITY  A W  MORMALIZHTg  CONDITIONS*: 

In  this  section,  the  expressions  for  orthogonality  and 
normalizing  conditions  for  the  principal  normal  modes  0  and  ty.> 
are  obtained  for  both  the  general  case  and  for  beams  with  vari¬ 
ous  simple  end  conditions. 


Let  Eq.(4.33)  be  written  in  the  form 


for  two  modes  m  and  n  as, 


XV4  “  (SL/h)^m-  (s2K2+  1) 

A  2  s2L  =  CsLA)^'  (Ml)  0' 

n  “  n 


(4.117) 


(4.118) 


H,*11®  Par-I:  i*16  Ohapter  were  presented  by  the 

5w  2r  ancl  K- V-APP^an  at  the  16th  Congress  of  ISTASJ  held  at 
M.N.R. Engineering  College .Allahabad,  during  89th  March  to 
1st  April,  197S.  See  Ref.(^t'). 
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Multiplying  Bq. (4.117)  by  ^  and  Eq.  (4.119)  by  ^  and 
subtracting  Eq. (4.117)  from  Hq. (4.118),  we  hovel 

S^n=  CSLA)(^  Jn-^  0n)-(3V+l)C0''^  0’’  0n) 

(4  *  119 ) 

Lot  Eq. (4.34)  b9  written  in  the  form 

__  ,  _» 

X2s2d2V  =  Tp~  s2  £  ~  (h/Sl)  0 

for  the  two  modes  m  and  n  as, 


^  flV  s2^’-  (h/2L )  4 

A2  -  V„  -  =2  (h/2I)^ 


(4.120) 


(4.121) 


Multiplying  Eq. (4.120)  by  ^  and  Eq. (4.121)  by  ^  and 
subtracting  Eq. (4.12O)  from  (4.121),  we  gat; 


(*V  ^  ^  -  0>.) 

p  O  O  f  » 

-  (4a‘dLs/ns )  (  ^  -  ib  ) 

n  m  m  n; 

where 


(4.122) 


^  -  («/Vh2)d2  =  H/I,  '  (4.12 

J1 

Combining  Eqs. (4.119)  and  (4.122),  integrating  over  the 
whole  beam,  and  carrying  out  integration  by  parts  for  most  of 
the  terms,  we  obtain: 
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(  A2  )a2  /  (  0  0  +S$L%  \)  dZ 

n  m  o  m  n 


1 

=  ; 
o 


_ *  _  _t 


(2Vh)(Vn  4*4  4MaiA>(vm  ?n*iB  4) 
-  (a2K2+i)Wn  4-44 

(Ei/h)(?,'n  4-  51f,w,¥,)(  4  4-  4  4) 


az 


-  (4s2Ii2/h2 )  (  ^  to  -  &  V,  ) 
n  m  n  m 


(4.124) 


Applying  end  conditions  of  any  combinations  gives  the 
orthogonality  condition: 

1  -  -  «  -  - 

£  ^m^n+SL~  ^n^n)  dZ  =  0,  m  ^  n  (4.125) 

Por  m  =  n,  the  left  side  of  the  equations  is  identically  equal 

to  aero  because  X  =>  . 

m  'n 

Thus  the  normalising  Integral: 

/  (  0S  +s£  ££)  dZ 

o 

cannot  be  obtained  directly  by  putting  m  =  n  in  Eq. (4.125) 


To  evaluate  this  integral,  we  let 

^  m  —  ^  (4.126) 

?\n  =  $>>  (4.12?) 

in  which  6  X  is  a  small  variation  of  ,  and  Xn=  A  as  ^app¬ 
roaches  zero.  Thus,  we  have 
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2  ^2 


=  (X  +  5* ) 2  =*2+  2X&X 


(4.128) 

(4.129) 


In  which  the  higher  order  small  term  in  the  expression  of  ®  iH 
omitted-  We  also  have* 


where 


—  —  c 10 

4  =  V  j*.  •* 

(4.130) 

Vn  *' V 

dx 

(4.131) 

_i 

-T  - f  d0 

*»■*»*  n-  5v 

(4.132) 

_ T  / 

-  _  a?p 

d  X 

(4,133) 

d  3  da„  8  dPj,  9 

■  =  _  ^  ___  _j_ 

d>,  9>i  dX  Sctg  aX  9j3g 

(4.134) 

Substituting  the  above  relations  in  Eq. (4.124)  we  obtain: 


Xl\aS  } 


-2 


dZ 


(2L/h)(^Ji  j*  -  )-(b2k2+i)(  Sa  0  _  ^3a  ^  ) 

d>  m  ,d>  m  dX  m  dX  m 


„  1 


-1  1 


-  (4s2LS/h2)(  ^  >>  ) 


o-  AVr 


d>  m  a*  m' 


6  A 


(4.135) 


Dropping  the  subscript  m,  dividing  both  sides  of  the  equation  by 


2  ,  and  rearranging: 


-2  1 
^  )d2  = 


2  As" 


_1 ■  2L  - 

+  Cs8E3+l)0  )<?j> 

h 


ji  ~  [8L/n)^p>  -  (s2^)  0  ^ 

ii 


n  -  M  f-.:’ .  4-: 

ax  h8  'I  a>  V‘  ax  ^ 

b>  0 


d0  ia2l>2^  dfy  o-  a^> 
-  (  ■  ) 


6  (4.136) 


This  expression  can  be  further  simplified  for  beams  of  various 
end  conditions  as  follows : 

(l)  Simply  Supported  beam: 


/(0S+IL2  y>Z)az 

o  2  As8 


,  4s2L2  -  d«m 

+  (  —5-)°^  ^ 


(s2K2+l)0  -(— )^ 
h 


-•  2L  - 


dA 


d0 

*A 


(4.137) 


(s )  Plied-Bnd  Baaini  V... 


1  -2  „  -2  1 
/(0  +  iii  )az  = 


O  e*V 


8  2  — 
4stfIi  cl^j 

+  ( - ff“) 


(s^+l)^  —  + 
d\ 


d 


(4.138) 


(3)  Besun  Free  at  both  ends: 
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4s2Ii2  -  d  cLs> 
-  <— 


d  X. 


(4.139) 


(4)  Beam  fixed  at  one  end,  simply  BUiyoorted  at  the  other; 

rr 


1-2  0  -2  1 

/  (0  )  az  =  - s-s 

0  2  X'S’2 


[(s2K2+1)0  -  (5)«^ 
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dX 


_A8 

*  TP 


_  ! 


4S*IX  -  a  ^  y  )  O  O  Cl0  4a2x2  d  ! 

r  —  'Ua2K2+l  )0  —  +( - -)V  ' 


h2  dX  1  a<]'°  “  dX  '  h2  a;\  I  B=0 


(6)  Cantilever  fream  fixed  at  one  end,  free  at  the  other; 


1  -2  p  -2  1  r  -  d 

f  (0  +  sC  ^  )dZ  - - o  J  0  — 

o  ’  SXs^LL  4A 


2  2  “  ^ 
4s  F  -  d  «P 
-  ( - r)7»  — - 

ir  ax 


;  P  P  a0  4s2l2  -•  a  v  ( 

-J(3V+l)0  —+( — r)^  — \ 

2-iL  h  d> 


(4.140) 


Z=0 


(4.141) 

(d)  Cantilever  beam  simply  supported  at  one  end,  free  at  Ifae  other: 


/(0S+XL2  )dZ  - - s-p 

o  2 

^4g2!2  -  dt^ 

3a2  dX  lz=l  1  - 


-  d 

0~ 

d  /v 


(“)^  -  (sV+l)  0  J 


5,5,  2L  - 

(s2K2+l)0  -  (“ 


d0 

d,X 


4s£L\  -  d  to 
+  (~g —)w  -~r~ 
h2  r  d  X 


Z=0 


(4.142) 
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is  also  suggested  that  the  normalizing  integral  oan 
he  approximated  by  discrete  values  of  0  and  y  along  the  beam. 

Expression  of  Normalising  condition; 

het  Eqs.(4.33)  and  (4.34)  be  written  as! 


>sss2j*  =  -  (b2k2+  i)0  +  (gl/h)  tf> 
Vs2d2  -+^_  (h/SI)  j 


(4.143) 


(4.144) 


Multiplying  the  Eq.  (4.143)  by  0  and  the  Eq. (4.144)  by 
^  t  adding  the  resulting  equations,  integrating  over  the  whole 
beam,  and  carrying  out  some  integrals  by  integration  Jiy  parts, 
we  have: 


.  n  p  1  “2  n  “2  1 

/\V  /  (0  )ds  *  / 


-  (s£K3+  1)00  +  (f&)(J£  -  0  i  ) 


-  (^)y£  -  * 


"] 


dZ 


_  I  ^ 


(s%2+d5'  -  (#)5'z?  +  (^¥-)y  +  c^>?£ 


r.2 .  “ 


2  1 


dZ  (4,145; 


h  "  h* 

Eq. (4.145)  is  the  expression  of  the  Normalizing  condition  which  is 
very  useful  in  analyzing  the  foroea  vibration  problems. 
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4.9.  APPROXIMATE  SOHJTIOUS  BT  l»T.-amtTii'3  IEGHMIOOE* ; 

In  this  section,  approximate  solutions  are  obtained  * 
for  the  problem  of  free  torsional  vibrations  of  thin-walled 
beams  of  open  section  including  the  effects  of  longitudinal 
inertia  and  shear  deformation,  utilizing  the  well-known  Galerkin’s 
technique.  Solutions  with  Galerkin^s  method  are  illustrated  for 
fixed-fixed  beam  and  for  a  beam  fixed  at  one  end  and  simply  sup¬ 
ported  at  the  other* 

4*9*1.  FIXED -FIXED  BEAM: 

To  satisfy  the  above  boundary  conditions  in  this  case, 
the  normal  function  0  can  be  assumed  in  the  form 

—  CO 

0  -  £  D  {1-  coo  Sn Itz)  (4.146) 

n=4  n  . 

Substituting  Equation  (4.146)in  the  differential  Equation 
(4.35),  orthogonal izing  the  resulting  error  with  the  assumed  fun¬ 
ction,  integrating  the  obtained  function  over  the  whole  length  of 
the  beam  and  equating  It  to  zero,  the  frequency  equation  in  A  2  can 
be  obtained  as; 

3  A4  s2dE-  |344n2n2(sg+  d2+  s2a%2)|+  4n2w2j4n2n2(a2K2+  l)+KSj=  0 

(4.147) 

*  Results  from  this  part  of  the  chapter  were  presented  at  the  17th 
Congress  of  Indian  Society  of  Theoretical  and  Applied  Mechanics, 
held  at  Eirla  Institute  of  Technology,  Mesra,  Banchi,  during 
December  2,2  1972 . 
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Eq. (4.147)  gives  two  real  positive  roots  given  by 


^  mn  6aEds 


3+4nSTC2(BE+dE+fl2a8K8)  1 

+  (-l)m  'Y  [  3HnSH2(sV-tB24¥)  J 
-  48  n27ieBSaE^4nEitg(B2KE+  l)+Kg|  '  ^ 


(4.148; 


In  arriving  at  Eq.  (4.148),  only  one  term  of  the  infinite 
series  of  Eq. (4,146)  is  utilized.  Hence,  Eq. (4.148)  gives  upper 
bounds  and  has  an  Infinite  number  of  roots  which  in  general  re¬ 
present  two  ooupled  frequency  spectra. 

By  putting  sE=  dS=  0,  Eq, (4.147)  reduces  to: 

3  >,2  -  4  nETtS(4n2rc2+  K2)  =  0  (4.14Si 

and  the  expression  for  the  frequency  parameter^  becomes: 


.  m  (4n6^+KS)l/8 

V"3 

which  is  same  as  that  from  Eq.(2.73)  for  Zs  2  =  0. 


(4.150) 


4.9.2.  BEAM  FIXED  A?  OME  EM)  AHD  S  IMPLY  SUPPORT  ED  AT  TTTF!  OTHER ; 

The  normal  function  satisfying  the  boundary  conditions 
in  this  ca a©  can  be  assumed  in  the  form: 


0  =  z  u  <cos  ™  z  -  cos  *ga  z) 

n=4  11  2  2 


3nfl 


(4.151 

Substituting  Eq. (4.15l)  in  the  Eq.(4.35)  and  following 
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the  Salerkin'a  method,  the  frequency  equation  in  /\  2  can  be 
obtained  as: 


16  s2d2-  >?  [  16+20  n2w2(s2+d2+  82d2K2)  j 

+  n2«2  Q  41  n2w2(s2K2+  l)+  20  K2]  »  0 
From  Eq* (4-152)  we  hare: 

.  2  i 


1 10X1  16  s2a2 


LI 


16-120  n2w2(g24d2+s2d2K2) 


+  ( 


^  ^  (41  n2!!2*  20  K2) 


1/2 


vhioh  is  same  as  that  from  Bq.(2.76)  for  A  2  -  )H  2  «  0. 


(4.152) 


-l)”  -j^[  16+20  nV(s?d2+sW)  J2 
-  64  n2it2s2a2^4i  n^U^+O+eo  k2  "]  1^2 

By  putting  s2=  d2  -  0,  Eq. (4.162)  reduces  to: 

16  /\  2  n2*2  (41  n2*^  20  X2)  -  0 

and  the  expression  for  the  frequency  parameter  X  becomes: 


(4.153) 


(4.164) 


(4.155) 


v 


Ofl 

m 
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4.10*  RESULTS  AflD  COUChUSIOUS : 

For  a  given  "beam  with  K,  a  and  d  known,  the  ^(1=1 ,2,3, 
can  be  found  from  the  appropriate  frequency  equations  and  the 
corresponding  p^  are  then  calculated  by  Eq.(4.38).  However, 
these  frequency  equations  are  highly  transcendental  and^^' 
be  solved  simply.  This  difficulty  is  overcome  by  the  use  of 
bisection  method  on  digital  Computer  IBM  1130  at  the  Computer 
Center,  Andhra  University,  Waltair.  The  results  are  obtained 
for  some  typical  boundary  conditions  and  various  combinations 
of  K,  s  and  d.  The  results  are  presented  for  the  special  case 

s  =  2d,  Which  is  usually  the  case  for  many  Indian  Standard  wide- 
flanged  I-beams • 

Let  ^  o  1)1 9  the  classical  eigen  values  obtained  in  Chapter 
II  neglecting  the  effects  of  longitudinal  inertia  and  shear  de- 
i  ation  and  P0,  the  natural  torsional  frequencies  correspond— 
il3e  to  >J0*  Comparing  the  mechanism  of  vibration  of  the  classi¬ 
cal  beam  based  on  Timoshenko  Torsion  theory  and  the  present 
beam  based  on  the  improved  theory,  we  note  that  the  classical 
beam  is  equivalent  to  present  beam  with  longitudinal  inertia 
shear  constraints. 

Therefore , 

p  <  p0 

and 

*  /  A  0  -  p/p0  -  q,  q  <  1 


The  ratio  of  ^/A„  or  p/p0,  denoted  by  q,  „iu  be  referred 
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*} 
'i 

to  the  1 ’modifying  quotient,f*  The  variation  of  the  ratio 
Xq  (also  the  modifying  quotient  q)  with  the  longitudinal 
inertia  parameter  d  for  the  first  three  inodes  of  vibration  of 
a  simply  supported  beam  is  plotted  in  Fig,4*3,  which  shows  the 
corrections  in  the  natural  torsional  frequencies  owing  to  the 
individual  influence  of  longitudinal  inertia.  In  plotting  this 
figure  the  warping  parameter  is  taken  ae  equal  to  1*0  and  the 
shear  parameter  s  as  equal  to  sero.  It  can  be  observed  from 
Pig *4, 3  that  the  reduction  in  the  torsional  frequency  due  to 
longitudinal  inertia  increases  with  increasing  values  of  d.  Per 
a  maximum  value  of  d  -  Q>1  f  the  reduction  in  the  torsional  fre¬ 
quency  can  be  observed  from  the  graph  as  about  10  percent  for 
the  first  mode,  36  percent  for  the  second  mode  and  66  percent 
for  the  third  mod©.  Therefore  it  can  be  concluded  that  the  in¬ 
fluence  of  longitudinal  inertia  on  the  torsional  frequencies  in¬ 
creases  profoundly  for  higher  modes  of  vibration. 

For  a  simply  supported  beam,  its  higher  harmonic  corresponds 
to  the  fundamental  of  another  simply  supported  beam  of  shorter 
span.  The  nth  frequency  of  simply-supported  beam  of  span  h  Is 
equal  to  the  fundamental  of  another  such  beam  with  span  L/n. 

So,  for  the  sake  of  simplicity  and  ease  of  presentation,  Pig. 4. 4 
is  plotted  between  the  ratio  ^ /A  0  and  K/n  for  values  of 
ns  =  0.5,  1.0  and  2.0.  For  constant  values  of  K  and  s  the  valuee 
of  X/  XQ  can  be  read  from  this  figure  for  different  Values  of  n 
(ie.,  for  different  modes  of  vibration).  If  n  is  kept  constant, 
the  values  of  A/X0  can  he  obtained  for  various  combinations 
of  the  warping  parameter  K  and  shear  parameter  s.  In  plotting 
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reduction  becomes  significant  for  higher  modes  of  vibration. 
It  can  he  also  observed  that  comparatively  the  individual  in¬ 
fluence  of  shear  deformation  on  the  torsional  frequency  of 
vibration  is  more  profound  than  that  of,  longitudinal  inertia. 


Ihe  combined  effects  of  longitudinal  inertia  and  shear 
deformation  on  the  first  four  torsional  frequencies  of  the 
of  3imply-supported,  clamped-s imply  supported  *nd 


olamped-clamped  a 


Cs  =  Sd)  are  shown  in  Tables  4.1,  4, a 


3  respectively.  The  values  of  the  frequency  parameter 
and  modified  quotient  q  -  V*  „  for  the  first  four  modes 
of  torsional  vlhration  are  given  in  these  table,  for  various 
combinations  of  the  parameters  K,  a  and  d. 


It  can  be  observed  from  Table  4.1  that  in  the  cane  of 
eimpiy-s up ported  beams  for  K  «  0.01,  s  =  0.10  and  d  «  0.05, 
the  modifying  quotients  for  the  first  four  modes  are  respective!* 
0.944,  0.826,  0.705  and  0.603  and  therefore  the  reductions  in 
e  Jirat  four  torsional  frequencies  are  respectively  by  5.6% 

’  29*5^  and39*7/o  .  For  K  =  10.0,  s  =  0.10  and  d  =  0.05, 
the  modifying  quotients  for  the  first  four  modes  are  respectively 
0.934,  0.851  and  0.762  and  therefore  the  reductions  in 
the> first  four  torsional  frequencies  are  respectively  by  1.4% 

,  14.9*  and  23.8%  .  From  these  values  we  can  observe^ 
the  increase  in  the  value  of  warping  parameter  K  reduces  the 
effects  of  longitudinal  inertia  and  shear  deformation  on  the 
torsional  frequencies  of  vibration  and  that  for  smaller  values 
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of  K  the  reductions  in  the  torsional  frequencies  at  higher 
modes  owing  to  these  second  order  effects  become  quite  signi¬ 
ficant  and  should  be  taken  care  of .  Similar  observations  can 
bo  made  from  Tables  4.2  and  4.3  for  clamped— simply  supported 
and  clamped-clamped  beams.  It  can  be  also  noticed  that  these 
reductions  in  the  torsional  frequencies  due  to  longitudinal 
inertia  and  shear  deformation  are  comparatively  high  in  the 
oase  of  clamped-clamped  honmn  than  in  the  on nn  of  alnmpeA- 
flimply  supported  or  simply-supported  beams. 

The  results  for  the  second  set  of  frequencies  for  the 
simply  supported,  clamped-simply  supported  and  clamped-clamped 
beams  are  given  in  Tables  4.4,  4.5  and  4.6  respectively.  It 
must  be  recalled  here  that  these  second  set  of  frequencies 
exist  solely  due  to  the  inclusion  of  these  second  order  effects 
Prom  Tables  4.4  to  4.6,  we  observe  that  even  in  the  case  of 
second  set,  the  effect  of  Increase  in  the  values  of  the  para¬ 
meters  s  and  a  is  to  reduce  significantly  the  frequencies  at 
higher  modes  of  vibration.  It  is  interesting  to  note  that  the 
increase  in  the  value  of  the  warping  parameter  K  is  having  a 
negligible  of  foot  on  thnno  reductions  in  the  frequencies  of 
the  seoonA  sot  for  all  the  three  boundary  conditions  considered, 
here . 


■* — 
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CHAPTER  -  7 

FINITE  ELEMENT  ANALYSIS  OF  TORS  I  ORAL  VIBRATIONS  OP  SHORT  WIDE- 
3113 ^ ^XI^r 1  ^ _  _rj.J*Jl.'f j J j A  Mr f  thu  jdwjjuto  ujj1  l o hu  i t t; jj i ttAL 
INERTIA  AND  SHEAR  DEFORMATION* 

5.1.  INTRODUCTION: 

The  problem  of  torsional  vibrations  of  short  wide-flanged 
thin-walled  beams  including  the  effects  of  longitudinal  inertia 
and  shear  deformation  is  completely  solved  in  Chapter  IV  utili¬ 
zing  rigorous  mathematical  analysis.  The  highly  transcendental 
frequency  equations  obtained  for  various  end  conditions  could  be 
solved  only  by  lengthy  trial -and-err or  procedure.  Except  for  the 
oase  of  eimply-supported  beam,  the  results  for  other  complex  boun¬ 
dary  conditions  could  be  obtained  only  by  expending  considerable 
effort. 

«,  i 

Even  the  approximate  analytical  methods  such  as  Ritz  and 
Galerfcln  techniques  have  a  tendency  to  become  very  tedious  for 
some  complex  boundary  conditions.  The  complexity  of  the  analyti¬ 
cal  techniques  even  for  simple  end  conditions  emphasizes  the  need 
for  physically  satisfactory  approximate  solutions.  To  this  end, 
the  present  Chapter  aims  at  developing  a  finite  element  analysis 
of  torsional  vibrations  of  short  wide-flanged  thin-walled  beams 
including  the  effects  of  longitudinal  inertia  and  shear  deforma¬ 
tion. 


*  A  paper  by  the  author  based  on  the  results  from  this  Chapter 
is  accepted  for  publication  in  AIAA  Journal,  See  Ref.(b"iJ. 
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Iho  baia i a  theory  behind  the  finite  element  method  for 
dynamic  problems  is  briefly  presented  in  Chapter  III  and  is 
shown  to  give  results  which  are  in  excellent  agreement  with  the 
exact  ones-  This  chapter,  therefore,  extends  the  finite  element 
method  to  torsional  vibrations  of  doubly-symmetric  thin-walled 
beams  of  open  section  including  the  effects  of  longitudinal 
inertia  and  shear  deformation*  New  stiffness  and  mass  matrices 
for  a  thin-walled  beam  are  developed  in  this  chapter,  for  the 
first  time  and,  to  the  best  of  author’s  knowledge,  thereis  no 
other  finite  element  formulation  for  this  problem  available  in 
the  literature*  The  method  developed  in  this  chapter  is  appli¬ 
cable  to  uniform  as  well  as  non-uniform  beams  with  any  complex 
boundary  conditions,  A  cons  1st  ant  mass  matrix  is  made  use  of 
in  conjunction  with  the  corresponding  stiffness  matrix  for  find¬ 
ing  the  frequencies  and  mode  shapes  for  free  torsional  vibra¬ 
tions  of  uniform  thin-walled  beams  with  various  boundary  condi¬ 
tions*  Results  obtained  are  compared  with  the  exact  ones  ob¬ 
tained  in  Chapter  IV  and  an  excellent  agreement  is  iS^erved* 

5-g,  MODIFIED  ENERGY  EXPRESSIONS: 

Two  approaches  are  made  to  our  present  problem.  In  the 
first  approach,  the  stiffness  and  mass  matrices  are  developed 
in  terms  of  the  total  angle  of  twist  0  and  the  warping  angle 
directly  utilising  the  strain  and  kinetic  energy  expressions 
(Eqs.4*12  and  4.13)  derived  in  Chapter  IV*  By  assuming  only  ont 
degree  of  freedom  for  each  of  the  angles  0  and^>,  the  stiffnesE 
and  mass  matrices  each  of  4x4  size  are  obtained  which  include 
the  second  order  effects.  But  the  matrices  obtained  in  this 
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•  aPP^ach,  though  not  shown  here,  does  not  satisfy  the  exact 
boundary  conditions  and  thus  could  not  yield  good  results. 

An  alternative  approach  which  will  he  discussed  in  de¬ 
tail  in  this  chapter  is  to  split  the  total  angle  of  twist  into 
two  parts •  One  part  is  the  twist  calculated  "by  neglecting  the 
shear  strain  in  the  strain  energy  expression,  (Eq.(4.12)  )*  and 
the  second  part  gives  the  contribution  due  to  shear  strain. 


Let  us  define  the  total  angle  of  twist  0  as 


S*(z,t)  -  0±(z,t)  +  0g(z,t)  (5il) 

II  £  '* 

where  the  subscript ^denotes  the  part  of  the  solution  when  the 
shear  strain  has  been  neglected,  and  the  subscript  s  denotes 
the  contribution  of  the  shear  strain  to  the  total  angle  of 
twist.  This  type  of  choice  has  the  advantage  that  when  0  ia 
equated  to  aero,  the  resulting  expressions  reduce  back  to  the 
equations  for  the  lengthy  beams  presented  and  solved  in  Chap- 
ter-II,  This  approach  is  quite  convenient  as  it  satisfactorily 
encompass eg  all  boundary  conditions  of  the  present  problem. 

By  substituting  Eq.fb.l)  into  Eq.(4.9)  we  obtain: 


u  =  (h/g)  (0.+  0  ) 

1/  B 

Substituting  of  Eq.(5.2)  into  Eq. (4.6)  gives: 


Prgm  Eq*(5  +  3)  wq  can  writ®: 


* 
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and 


(5.6) 


By  substituting  the  expressions  for  y> and  6gh  from  Eqs.(&.4)  and 
(5.5)  respectively  into  Eqs.(4.4)  and  (4.?),  the  expressions 
for  moment  M  and,  shear  force  Q  can  be  obtained  as : 


(5.6) 


and 


q  = 


*  V  | 


(5.7) 


By  substituting  Eq.(5.l)  into  Eq.(4.l),  the  strain 
energy  due  to  saint-vannnt  torsion  can  be  obtained  as ; 


(6.8) 


By  substituting  Eqs.(5.6)  and  (5.4)  into  Eq.(4.5),  the 

strain  energy  Ug  of  the  two  flanges  due  to  warping  normal  strain 
becomes ! 


1 

5 


f  EC  ( 
o  w 


ds 


(5.9) 


Substituting  Eqs.(B.l)  and  (5.7)  into  Eqs.(2.2a)  and 

(4.8),  the  expressions  for  the  Saint-Venant  torque  I  and  the 

9 

torque  due  to  warping  Tw  can  be  respectively  obtained  as: 


30,  0  0 

go  (  — t  +  — a  ) 

3z  9Z 


and 


Pw  =  -  Qh  =  K'AfG  | 


2  00 


(5.10) 


(5.11) 


* 
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Henoe  the  total  torque  ?t  (See  Bq.4.10)  can  be  obtained 
from  Eqs.(5.10)  and  (5.11 )  as! 


Tt 


80.  S0H  ,  h2  a0 

GC  (J-i  +  —&)  +  K  AfG  | 

3  9a  3z 


3z 


(5.12) 


Substituting  Eqs.  (5.7 )  and  (5.5)  into  Eq.(4.1l),  the  strain 
energy  due  to  shear  deformation  of  the  two  flanges,  Ug.  be- 
comes ; 


U 


3  2 


i? 


.  1.2  00 
yr\  G 

K  V  2  <  3z 


.2 

0  dz 


(8.13)- 


The  total  strain  energy,  U,  at  any  instant  t  (See  Eq. 
4.12)  is  the  sum  of  the  energies  Eg  and  Ug  and  therefore 
given  by 


U  =|  / 
*  0 


30  30  2  3^0+  2  ,  h2/0^si2' 

&C  (_1±  +  —A)  +  EO  (— g^)  +  K  AfG  §  (— a) 

3  3a  9z  w  3z2  f  ^  3z  . 


dz  (5.14) 


By  substituting  Eqs.(5.l)  and  (5.4)  into  Eq. (4,13),  the 
total  kinetic  energy,  T»  at  time  t  becomes. 


,  L 

a  - \  / 

K  o 


nj 


30,  30  2 


e20+  2 


p  at 


at 


)  +  pc  J — s) 


w 


azat 


dz 


(5.15) 


5,3.  wmvnffTRn  NATURAL  BOUHDAKY  OONDITIOHS: 

In  terms  of  the  angles  0^  and  0fl  the  natural  boundary 
conditions  given  by  Eqs. (4.19)  to  (4.22)  can  be  modified  as 
follows : 

(a)  Simply  auirported  end: 

0B  55  °i  0-t  =  °! 


(5.16) 


(b)  ffixed  end: 
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(6.17) 


(c)  Free  end? 


=  0 


f  (5.19) 


The  conditions  given  toy  Eq£  ( 5.1&) '  are  useful  for  find¬ 
ing  symmetric  modes  of  vibration  in  simply  supported,  fixed- 
fixed  and  free-free  beams, 

5.4.  FINITE  ELEMENT  FORMULAE ION : 

In  the  present  formulation,  for  each  finite  element  of 
a  short  thin-walled  beam  in  torsion  including  the  effects  of 
longitudinal  inertia  and  shear  deformation  in  addition  to  warp¬ 
ing,  there  are  four  generalised  nodal  displacements  at  the  j 
end  of  the  ith  member.  These  nodal  displacements  arei 

0t;j=  angle  of  twist  neglecting  shear  strain  at  the  shear 


center  about  z-axis ; 


0.^  =  rate  of  change  of  0^  at  the  shear  center  about  z-axis; 


0B^~  angle  of  twist  due  to  shear  strain  at  the  shear  cen- 


i 


1G2  f 

where  subscript  3  denotes  the  generalized  displacement  at  the 

J  end  of  the  1th  finite  element.  Similar  generalised  nodal 

displacements  exist  at  the  K  end  of  the  element.  The  prime 

denotes  differentiation  with  respect  to  z. 

* 

Assuming  the  angles  0t  and  0g  within  each  finite  ele- 
ment  to  vary  cubicjLy  the  displacement  functions  take  the  form: 

0t(z)  =  a1+  b^z  +  0lz2+  c^z3  .  (5.20) 

and 

* 

0s(z)  =  a2+  bg'z  +  ogz2+  dsz3  (5.21) 

lo  establish  relationships  between  the  displacements 
at  any  interior  coordinate  z  in  terms  of  the  generalized  nodal 
coordinates,  the  eight  arbitrary  constants  in  the  assumed  displa¬ 
cement  functions  must  be  determined. 

After  determining  the  coefficients  in  Eqs.(5.20)  and 

(5.21 ),  the  angles  0^.  and  0&  at  any  coordinate  z  within  the 

element  in  terms  of  the  nodal  displacements  0 ...  Srf/S^  rf 

tj  t y  *  ^tK* 

a^tK//flz  oxl&’  &3y  d$at/bz>  ^sK’  can  tia  respec¬ 

tively  defined  as  follows: 

•  ij 


'  ■ 
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(5.23) 


where  ^  =  z/l. 


Eq^s.  (5. £2)  and  (5.83)  oan  be  written  in  an  abbreviated 

A 

i'orsi  as  follows  z 


^t(z)  =  A  (z)  StH(t) 


and 


where 


0a(z)  =  A  (a)  Sgir(t) 


S, 


1'tN“  f  ^tK*  ^tK  j 

^sir  "  Ltfg y  0By  0gK,  0bK  ] 

and  A  (z)  is  given  by  Eq.(3.23). 


(5.24) 

(5.25) 

(5.26) 
(5.2?) 


Similarly ,  for  the  first  and 'second  derivatives  of  the 
angles  0^  and  0  .  the  matrix  relations  can  be  written  as: 


and 


0t(z)  =  (S(z)Hi;N(t))  =  AjUjyt) 
<‘(z)  -  CAU)HtH(t)),,-Is(B)|^H(t) 
0s(a)  =  (A(z)H3N(t))’=  ^(zjR^t) 

<’(z)  =  a(z)^N(t))"=  A^z^ft) 


(5.28) 

(5.29) 

(5.30) 


(5.31) 


where  A^z)  and  Ag(s)  are  defined  by  Eqa.(3.27)  and  (3.28). 
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The  generalized  velooities  and  nooelerationo  onn  also  be 
expressed  in  terms  of  the  aisoretized  nodal  velocities  and 
accelerations : 

That  is! 

*  * 

(5.32) 


and 


0±(z)  =  A(b)  Stir(t) 
^(z)  =  \U)  RtN(t) 
0^)  »  X(a)  S^ft) 

0B(z)  =  A(s)  S  ff(t) 


0BU)  =  1(a)  RaN(t) 


,  (5.33) 

(5.34) 

(5.35) 


(5.36) 

where  dots  denote  differentiation  with  respect  to  tine  t. 

5’5’  ^rlvatlon  of  B1  ement  Matrices  including  Second  Qt^t 
Effects! 

The  expressions  for  the  strain  energy  U,  and  Kinetic 
energy  TK, given  by  Eqs.(5.14)  and  (5.15)  respectively,  for 
element  of  finite  length,  1,  can  be  written  as  follows: 


®  -  i  } 


y<+*'A  eowW;')s+ 


and 


*  i  pV^»/+r°jKf 


dz 


dz  (5.37 


(0,30) 


Direct  substitution  of  Bjs.(5.S4)  to  (5.36)  into  Eqs.(5.3' 
“d  (5.38)  end  the  resulting  expressions  lnto^H^U^I&i 
pie,  Bq.(3.34)  tor  W  =  0  ,  yields  (for  the  Hth  eleuent): 


365 


J  £3-”  VT  “ 


’ihm  1  l*  \  T"2  J  Kn  dz  +  /  aT  a  it 


sN 


sN 


dz 


1  at  -T  -  i  1  il  -I  -  i 

+  f  R*NA  A  RoM  dz  +  /  R=w  A  A  RtN  dz 


0  '  tlT  A  ilSN  “»  '  J  “BN 


/°0  UT  -I  - 
+  E  {  EtN  %  A  RtN  dz 

“  2  £  EtN  f  BOw  A2  A2+  QOs  *1  Aj_]  R^.n  dz 


”  2  <GV  K  AfG  h2  RbB  \  ReN  dz 


GO 

2 


1  -I  ~T  -  -  1  -T  -T  -  - 

{  EtN  \  H  RsN  dz  +  {  EgN  *1  h  EtN  dz  ^ 


"  0  (5.39) 

Eq. (s.39)  can  be  also  written  more  concisely  as  follows! 


SlN  "  5  2  (rXpL)  mN  (EVl3)\  *N  \  dt  "  0 


(6.40) 


In  Eq,  (6.40 )  the  terms  and  (EC ^/L3)^  denote 

respectively  the  new  mass  and  stiffness  matrices  MN  and 
respectively  of  the  Nth  element.  The  matrices  m^,  and 


are  given  below: 


®N  “ 


•  - 

-s  -i 

±// 

m 

11 

m£l 

^o'a4 

£S1 

*■* 

?22\ 

(5.41) 
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m 


MV"". 


N 


-T 


and 


where 


“ii 


420N 


dgNa 

SO 


mg1  D  ^  4 

32  420N 


Hu  * 


*11 

*21 

*21 

*22 

i  »  i  ] 

tN  sM  J 

156N2 

221T 

4 

54H2 

13N 

-13N 

-3 

36N8 

3N 

4 

-36NS 

-81 

3N 

-1 

1 56N2 

22N 

4 

54N2 

13H 

.  -13M 

-3 

i 

12H2 

6N 

4 

-12H2 

-6N 

6H 

2 

Sym. 

156M2 


Sym. 


Sym. 


Sym. 


-$N 


(5.42) 


(5.43) 


(5.44) 


(6.46) 
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.  h  !,:•■* 

f# ; 

■ 


1-7  , 


K 


30K2 


21 


■g 

30N2 


;  i  •  - 


K22 


(agKg+  l) 


30  a2!!2 


3SN2 

3N 

-36N2 

3N 

36N2 

3U 

-36H2 

3N 

‘  36N2 
3N 
-36N2 
3IJ 


4 

-3N 

-1 


4 

-3N 

-1 


Sym. 

36H3 

-3N 

3ym. 

36^ 

-3N 


Sym. 


-3N  36  N£ 


~1 


-311 


qtN  =  l  L^t  j  *  ^tK*  ^tE  1 


tE 


\N  "  Kj  ’  -  i*aK«  ) 


(5.46) 


(5.47) 


(5.43) 


(5.49) 

(5.50) 


and  “the  non-dimenaionni  parameters  K2,  d2  and  s2  are  previously 
defined  by  Bqs. (4.39),  (4.40),  and  (4. 41)  respectively. 

The  equations  of  motion  for  the  discretized  system  can 
now  be  obtained  using  Eq.(5.40).  Taking  the  variation  of  the 
integral  expression  of  Eq.(5.40)  we  obtain! 

>  [  </%!>  s  5^  5„  Y  teoyi3)  5  ^  in  ^  ]  dt  -  0  (5.51) 


1 


:■ 
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which  after  integration  by  parts  over  the  time  interval  gives: 

(  p  1 S  s*  s| 2 

-  J 5  s  [(Pv>  v  V (E0^  *,  s . 


at  =  O  (5.5S) 


The  first  term  in  Eq.(5.52)  is  seen  to  vanish  in  view  of 
the  assumptions  made  previously  that  the  virtual  displacements 
6q^  are  aero  at  the  time  instants  and  tg.  Since  the  virtual 
displacements  can  be  arbitrary  for  other  times  then  the  only 
way  in  which  the  integral  expression  in  Eq.(5.52)  can  vanish 
is  for  the  terms  within  the  brackets  to  equal  zero.  Therefore, 
the  governing  dynamic  equilibrium  equations  for  the  discretized 
systems  are: 


(Pipl)“n’y  (soyi5)  0 


(5.53) 


Assuming  that  the  displacements  undergo  harmonic  oscilla¬ 
tion,  the  displacement  vector  q  can  be  written  as*.  • 


N 


Qn  « 


ipn+ 


(8.64) 


where  Q-^.  is  a  column  vector  of  torsional  amplitudes  of  the 
general  torsional  displacements.  Substituting  Eq.(5.54)  into 
(5.53)  gives:  . 

2 x-  n  -  iPnt 


[  (EC/L3)^  -  (  flpl  p*)mj  Qh  e 


=  0 


(5.55) 


H 


••„v;s6u: 


iua 


l ''  ■■ 

i{ 


J.V-  '! 


. 


Deviding  throughout  by  EC^/jP  &nd  cancelling  eiPntf 
Eq,(5#55)  'becomes 

^  N.  _  g 

[  'Sr  I  [  Qfl  1  ^  [  5n  ]  (  Qn  ]  (5*56) 

where  X  is  the  non-diinensiontil  frequency  parameter  defined 
previously  by  (Eq.(4*38)>  Eq.(5.56)  represents  the  equations 

Of  motion  for  an  undamped  free  oscillating  system  including 
the  effects  of  longitudinal  inertia  and  shear  deformation. 

5'6’  £quatl0nfl  °f  Equilibrium  for  the  totally  assembled  beam: 


Following  the  procedure  outlined  in  section  3.5  and  utili¬ 
sing  the  element  stiffness  and  mass  matrices  presented  in  sec¬ 
tion  5.5,  the  equations  of  equilibrium  for  the  totally  assembled 
beam  can  be  obtained  as: 


—  2 

[K][cj]  =  A  [  m  ]  [  Q  ]  (5. 57) 

where  K,  m  and  Q  denote  the  totally  assembled  matrices  corree- 
ding  to  the  element  matrices  RN,  and  defined  previously. 
With  the  four  generalized  displacements  possible  at  each  node 
nnd  with  the  bar  segmented  into  N  elements,  the  total  number  of 
degrees  of  freedom  is  4  (ff+l).  The  formulation  of  the  matrix 
equilibrium  equation,  Eq.fB.57),  includes  all  possible  degrees 
of  freedom,  both  free  and  restrained.  The  displacement  vector 
Q  of  this  overall  joint  equilibrium  equations  is  comprized  of 
both  degrees  of  freedom,  the  unknowns  of  the  problem  and  known 
support  displacements  or  boundary  conditions. 
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B*7-  Bsan^ary  conditions  useful  for  Modifying  the  total 
Matrices!  i 

It  should  be  recalled  here  that  for  the  present 
finiti  element  formulation,  totally  four  generalized  displa- 
oements  are  considered  at  each  node.  The  following  are  there¬ 
fore  the  boundary  conditions  to  be  utilized  in  order  to  modify 

the  total  stiffness  and  mass  matrices  for  various  combinations 
of  end  supports. 


fa)  Simply  supported  end! 

*•  *  0 
(h)  Fixed  end; 

0  "  0  ;  0  »  o 


0t  =  0 


*t-  ° 


(5.58) 


(5.59) 


fo)  Free  end; 

The  total  matrices  need  not  be  modified  in  this  case 
<3)  1  K  ■  0  '  1  K  -  0  (5.60) 


(S-^% 

^■(5.60)  are  useful  for  finding  eymmetric  modes  of 
vibration  in  8imply  supported,  fixed-fixed  and  free-free  beams 


V 

Trrmfs£*t>k*.i*. .... 
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6.8.  RESULTS  AKD  C0UCUJSI0N3 : 


A  digital  computer  programme  is  written  in  Fortran  IT 
which  can  give  results  for  any^set  of  boundary  conditions. 
Results  for  simply  supported  and  fixed-fixed  beams  for  values 
of  K  =  1.641,  s  =  0.046  and  d  =  0.023,  are  obtained  on  IBM  llJO 
Computer  at  Andhra  University,  Waltair  and  are  presented  in 
Tables  5.1  and  5.2. 

For  the  simply  supported  case,  the  first  and  second  sets 
of  values  of  A  obtained  for  the  first  four  modes  of  vibration 
for  a  division  of  the  beam  into  N  =  2  and  3  segments  are  shown 
in  Table  5.1  and  are  compared  with  the  exact  results  obtained 
using  the  analysis  presented  in  Chapter  IV.  For,  the  fixed- 
fixed  beam,  the  first  set  of  values  of  >>  obtained  for  the  first 
four  modes  of  vibration  of  H  =  2  and  3  are  shown  in  Table  5.2 
and  are  compared  with  the  exact  results.  The  exact  results 
for  the  simply  supported  case  were  obtained  using  Eq. (4.65) 
and  for  the  fixed-fixed  beam,  the  results  were  obtained  using 
Eqs.(4.44)  and  (4.72). 

It  can  be  seen  from  Tables  5.1  and  5.2  that  for  all  cases, 
excellent  results  have  been  obtained  even  for  very  coarse  sub¬ 
divisions  of  the  beam.  Since  the  stiffness  and  mass  matrices 
including  shear  deformation  and  longitudinal  inertia  separately 
involve  double  the  number  of  degrees  of  freedom  than  those  that 
exist  if  they  are  neglected,  twice  as  many  natural  frequencies 
result.  In  Table  5.1  the  lower  and  higher  spectrum  of  frequen- 


.J* 


TABLE-  5.1 

Comparison  of  fir**  end  second  sets  of  values -of  ■'V  from  the  Finite  element  Method  and  those  from 
exact  analysis  given  In  Chapter  IV  for  a  simply  supported  beam  (K=1.541.  b  =0.046.  d=0.025). 
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cies  obtained  can  also  be  observed  to  be  in  excellent  agree¬ 
ment  with,  the  exact  ones.  In  Chapter  IV,  we  have  discussed 
this  second  set  of  frequencies  in  detail. 

Using  the  above  stiffness  and  mass  matrices,  beams  with 
various  other  boundary  conditions,  can  be  analysed  easily.  A 
beam  with  Tariable  cross  section  can  also  be  analysed  by  divid¬ 
ing  the  beam  into  a  number  of  segments  and  assuming  that  each 
segment  has  a  constant  cross  section.  In  all  oases  (aa  we 
observed  from  Tables  6,1  and  6,2),  the  method  gives  an  upper 
bound  to  the  exact  frequencies  of  the  system.  The  approach 
presented  in  theEi  Chapter  Is  quite  general,  satisfactorily  en¬ 
compasses  all  boundary  conditions  and  can  be  extended  to  sta¬ 
tic  and  dynamic  stability  of  uniform  and  tapered  thin-walled 
beams . 
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CHAPTER  -  VI 

FOR  OSD  TORSIONAL  VIBRATIONS  OP  SHORT  WIDE-EItANGED  BEAMS  WITH 

LOITOITTOCTAL  UTERI IA,  SHEAR  DEFORMATION  AITE  VISCOUS  DAMPIHG* 


6.1.  nraRODUOTION: 

In  Chapters  IV  and  V,  the  problem  of  free  torsional 
vibrations  of  short  thin-walled  beams  of  open  section,  inolud- 
ing  the  effects  of  longitudinal  inertia  and  shear  deformation 
is  completely  analyzed  utilizing  the  exact  and  approximate  ana¬ 
lytical  methods  and  tlie  powerful  finite -element  technique , 

With  regards  to  the  forced  torsional  vibrations  of  thin- 
walled  beams  of  open  section  very  few  studies  are  available  in 
the  literature.  Teo  (^£>4),  extended  the  Timoshenko  torsion 
theory  for  coupled  flexural -torsional  vibrations  of  thin -walled 
boams  of  open  sections  and  presented  a  formal  eolation  to  Gere's 
theory  (3l)  under  general  loading  conditions  and  general  boun¬ 
dary  conditions.  Aggarwal  (3),  considered  the  problem  of 
forced  torsional  vi brat ions  of  thin-walled  beams  of  open  gection 
under  very  general  loads  including  the  effects  of  longitudinal 
inertia  and  shear  deformation,  and  solved  the  specific  case  of 
a  simply  supported  beam  with  a  step  torque  impulsively  applied 
at  the  mid-point.  He  compared  the  results  obtained  for  the 
a cove  problem,  with  those  obtained  utilizing  Timoshenko  torsion 
theory.  But  In  all  these  studies  the  effect  of  dampingAiss  not 

*  A  paper  by  the  author,  abstracted  from  this  Chapter,  is  aoeep- 
ted  for  publication  in  the  August  1976  issue  of  the  Journal  of 
the  Aeronautical  Society  of  India.  _faa  ^  ^ SBj 


considered- 
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Sho  present  Ohaptar  therefore  deals  with  the  study  of 
forosd  torsional  vibrations  of  doubly-symmetric  thin-walled 
beams  of  open  section  auch  as  an  I-beam,  including  the  effects 
of  longitudinal  inertia,  shear  deformation  and  viscous  damping. 
Viscous  damping  forces  arising  separately  from  torsional  and 
warping  veloottlon  n.ro  in  eluded  In  kite  equrtfciona  of  motion  and. 
the  oouplod  fundamental  equations  of  motion  are  formulated  in 
terms  of  angle  of  twist  and  warping  angle.  The  method  of  solu¬ 
tion  is  demonstrated  for  arbitrary  external  torque  for  the 
beam  having  both  ends  simply-supported  and  numerical  results 
are  presented  for  the  case  when  the  torque  is  uniform  over  the 
span  and  varies  sinusoidally  in  time.  Amplitude  response  is 
plotted  versus  torsional  frequency  for  varying  amounts  of  tor¬ 
sional  and  warping  damping,  and  is  compared  to  the  response  for 
the  classical  beam  (based  on  Timoshenko  torsion  theory)  for  the 
first  five  symmetric  mode  shapes. 


6*2’  agttVATIOlJ  Off  EQtTATIUH3  Off  MOT  I  Or!  IHULUDIifd  VISCOUS  DAMPJtttt: 

In  Pig. 6.1,  a  typical  differential  element  of  length  dz 
and  width  b^is  taken  from  the  flange  of  the  thin-walled  beam, 
and  the  generalized  forces  acting  are  shown.  Assuming  small 
displacements  as  in  Chapter  IV  and  summing  the  torques  yields 
one  equation  of  motion: 
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where  is  the  Saint  Vanant  torque  given  by  Eq*(2,Ea),  Tw  the 
warping  torque  given  by  Bq.{4.9)f  tils  torsional  damping  con¬ 
stant  and,  £e  tlis  external  torque  per  unit  length  of  the  beam. 

Summing  moments  about  an  axis  normal  to  Fig *6*1  yields 
the  second  equation  of  motion: 


(6.2) 


where  M  is  the  "bending  moment  in  the  top  flange  given  by  Eq.{4.4), 


Q  the  shear  force  given  by  Eq.{4.7),  q  the  external  viscous  force 


per  unit  length  acting  along  the  sides  of  the  flanges,  of  width 

,  ! 

b,  to  oppose  warping. 


Further,  let  us  define  a  warping  damping  constant  |3  by: 


(6.3) 


_  '  Substituting  Eqs.  (2.2a) ,  (4,8),  (4.4),  (4.7)  and  (6.3) 
in  Eqs. (6. l)  and  (6.2)  we  obtain: 


(6.4) 


and 


(6.5) 


It  is  necessary  to  obtain  solutions  to  the  differential 
Equations  (6,4)  and  (6,5)  which  also  satisfy  the  boundary  condi¬ 
tions  of  the  particular  problem  being  considered-  This  may 
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aohleved  by  assuming  solutions  in  the  form: 


0(z,  t)  =  E  j2f  (z)  P  (t) 

m 


n 


(6.6) 


V(«,  t)  «  £  £,(.)  8  ft) 

■rt 


n 


(6.7) 


where  S^fz)  and  ^n(z)  are  the  mode  shapes  obtained  from  solv¬ 
ing  the  free,  undamped  vibration  problem.  The  mode  shape  fun¬ 
ctions  are  given  in  section  4.7  of  Chapter  IV  for  the  six  oaees 
arising  from  combinations  of  simply  supported,  clomped  and  free 
ends.  This  procedure  will  be  used  below  to  investigate  the  case 
when  both  ends  are  simply  supported. 

6,3‘  SOLUTION  FOR  THE  CASE  OP  A  SIMPLY  SUPPORT1^  BEAM: 

Consider  a  beam  of  length  L  having  its  ends  z=0  and  z=L 
both  simply  supported.  Prom  Eq.(4.65)  of  Chapter  IV,  the  fre¬ 
quencies  of  vibration  for  this  case  are  given  in  an  alternative 


form  as: 


)  (6.10) 


(6.9) 


(6.8) 


(6.11) 


the  mode 
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JFrom  Eqs.C4.67)  and  (4.68)  of  Chapter  IV, 
shapes  for  this  case  are  given  by: 

0n(s)  -  Aft  sinSJS 

.^(z)  a  Bn  00s 

* 

where  and  are  arbitrary  amplitudes. 

1  '  t  r 

Bet  the  external  torque  per  unit  length  be  expressed 


(6.12) 

(6,13) 


TJ*>  t)-  =  2  Cn(t)  sin  3*S 


n=<L 


(6.14) 


where  Bourier  coefficients  are  determined  from 
Z^(t)  a  f  /  TG(zft)  sin  2^2  d0 


(6.15) 


Ihe  solution  of  the  coupled  differential  Eqe.(6.4)  and 
(6.5)  can  progress  in  several  ways.  We  will  begin  by  first  un¬ 
coupling  them.  Differentiating  Eq.(6.4)  with  respect  to  z, 
solving  B4.(6. 4)  for  a  $»/!>*■  and  its  higher  derivatives,  and 
substituting  into  Eq.fG.g)  yields  a  fourth  order  uncoupled  equa¬ 
tion  for  0  given  by: 


El -C 

g  +  EC 

K  Af 


S40 

**“ 


^Tf  , 


K  AfG 


2  T 


K  A. 


d40 


az2at2 


GO  _ 

3  9z2 


EIfP+  P  C 
K  AfG 


P  h< 

+ 

K  Af  2 


a5  gf 

az2at 


181 


.  f  E  Vi  ^  H 

+  .  .. KnA  1  + 

K  AfO  0t* 


p*rf»  + 

030 

~~~%  + 

K  Af 0  K  AfG 

Lp  "¥ 

8t 


1 

+  p  —  «v+-r 
t  at  9  K 


V  L 


0si 


a2i 


9Q! 


Elf  — +  P  — ^ 

f  aa2  f  ats  w  at 


(6.16) 


Similarly,  eliminating  0  between  Eqs.(6.4)  and  (6.5) 
yields  the  uncoupled  equation  for  ^gi  Ten  by: 
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Ag  expeoted,  the  left-hand  sides  of  Eqs.(6.16)  and  (6.1?)  are 
identical. 


Substituting  Eqs. (6.6),  (6.7),  (6.12),  (6.13)  and  (6.14) 
into  Eqs.(6.l6)  and  (6.17)  results  in: 
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1  S3 

wli^re  dotg  denote  differentiations  with  reapeot  to  time, 
Bqa*(6.18)  and  (6,19)  contain  an  exciting  torsional  function 
CnM  whioh  oan  be  of  any  form. 

6.4.  RESPONSE  TO  A  UNIFORMLY  DISTRIBUTED  TORSIONAL  FORGING? 
FUNCTION  SINUSOIDAL  IN  TIME!.* 


For  purposes  of  detailed  numerical  results,  let  T  (a,t) 

8 


be 


2Q(z,t)  =  IQ  sin^t 


(6.20) 


where  T0  is  a  constant  and  c^the  torsional  excitation  frequency. 
Sfhen,  from  Eq.(6.16)  it  follows  that: 


Tn(t) 


4T 

-  sin  &3t,  n  ■  1,3,6,,.. 

Jin 


Assuming  a  solution  in  the  form 


(6.21) 


*n(t)  ”  oins^t  +  Bn  cosoS t  (6.22) 

Substituting  Eqs.(6.Sl)  and  (6.22)  into  Eq.(6.18),  and 
equating  coefficients  of  sin.  tJt  and  oos^t  yields 
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Similarly,  assuming  a  solution 

p 

siJi  <'^t  +  Dn  cogent 

and  substituting  Eq.(6.2l)  and  (6.27)  into  Eq.(6,19)  yields 
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2  TJh 


l  D. 


-2  I  h 
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3TTir 


L(Kln+i£gn)  "  L^n+  KL> 


where  and  are  defined  hy  Eqe.(6.25)  and  (6.26). 

Of  course,  Eqs.(6.22)  and  (6.27)  may  be  replaced  in 
more  convenient  phase  angle  form  as : 


(6.26) 


(6.26) 


(6.27) 


(6.28) 
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^  +  En  sin(^  t  +  are  tan  ^7-^) 


(6.69) 


(6.30) 


further  wa  note  that  Dft/Cn-  -  2  /a^ 

£RBB  AMU  FORCED  VIBRATIONS  (H'‘  A  UIjACCIU  ttl'JAM  3 IMPLY  SUPPORTED 

For  purposes  of  comparing  with  the  preceding  results,  let 
us  now  summarize  the  classic  solution.  In  the  case  of  the  classic 
beam  based  on  limoshenko  torsion  theory,  the  effects  of  longitudi¬ 
nal  inertia  and  shear  deformation  are  neglected  and  by  putting 
l/K  =  0  and  ? 0  in  Eq.(6.16)  we  obtain! 


(6,31) 


Considering  first,  free  vibrations  with  no  damping,  the  differen¬ 


ce. 32) 


which  was  treated  in  detail  by  Gere  (32-) . 

Ihe  solution  to  this  equation  in  terns  of  circular  and 
hyperbolic  functions  is  well  known  (3l).  It  can  be  seen  that  a 
function  which  satisfies  the  boundary  conditions  of  a  beam  sim¬ 
ply  supported  at  both  ends  is  given  by : 


7=2  2V  (t )  sin  323 

n=r1  11  L 


n=l 


(S.33) 
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Substituting  Eq.(6.33)  into  Eq.(6.32)  and  recognizing 
that  the  resulting  equation  must  be  satisfied  for  all  values  of 
a  within  0  <  z<  L  gives 


PI  P  (t)  +  &J£-  ( 
'  p  n  v  tS  ' 


„2_2  n2n2EG„ 

+  &J£L  f. - __E  + 


SO  )  P  (t)  a  0 
s /  n'  ' 


(6.34) 


From  Eq.Cfi.34),  the  well  known  (3  2.)  frequency  equation  is  found 
to  be  i 
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(6.35) 


For  the  steady-state  solution  of  the  forced,  damped  vlb- 
ration  problem  aa  "before,  assume 


0  «  £  F  (t)  sin  S2S 
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"  nnz 

=  E  sin  — 

6  n*l  n  L 


(6.36) , 

(6.37) 


where,  from  Eq, (6.15) 
4T 


"M 


^ntt)  “  sin^t,  <n=l,3,5, . . . )  (6.33) 

Substituting  Eqa.(fi.36),  (6,37)  and  (6. 38)  into  Eq.(6.3l)  yields 
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EC  +  GC 


,  t  4^ 

PtPn(t)+  fVn(t)  (6.39) 


having  a  steady-state  solution 


*n(t)  =  En  sinoSt  +  Hn  cosoH 
Substituting  Eq.(6.40)  into  Eq.(6.39),  we  obtain 


(6.40) 
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(^Tp/nTi)-)^!2^/!2)  [(ngTtSA£  )E0  +  Gc]-otS2f,I  V 
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6-6*  DISCUS SIOIT  OF  NUT, TOR IC Ah  BESPITS: 

’  i 

The  solutions  obtained  were  programmed  on  IBK-1130  Com¬ 
puter  at  Andhra  University,  Walta.tr,  to  allow  a  numerical  study 
of  the  effects  of  the  parameters  involved.  Some  of  the  interes¬ 
ting  results  obtained  are  shown  in  Pigs. 6.2  to  6.8.  In  Figs. 6. 2 
to  6.8,  only  the  response  of  the  first  mode  shape  is  considered. 
The  valuoo  of  the  oonsbonta  used  for  these  figures  are  as  follows! 

n=d;  r  =  0 .008843 3S (lbs/ in3) ;  E  =  30  i  106  (lbs/ln2); 

5=1  12  x  106(lbs/inS);  Af=  20.7584(inS:);  I£m  469 . 532 ( In4)  ; 

V  17S45.7(in4);  Cg=  27 .3252 (in4) ;  Cw=  3,02,231 (in6) j 

» 

L  =  760(in)  and  Tq=  1.0, 
which  correspond  to  a  wide-flanged  steel  I-beam,  36  WF  230,  with 
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width  of  th.  tU»g„  h  =  16.475(1.0,  height  between  the  center 
llnee  of  the  flengee  h  -  35.88(1*),  thiolmese  of  the  web  t  -0.766 
(in)  and  Thickness  of  the  flanges  tf»  1 . 26 Cin) , 

X  "  t  ■ 


Fig. 6.2  is  the  plot  of  torsional  amplitude  against  fore- 
cing  faction  frequency  with  varying  values  of  torsional  damping 
for  the  classical  beam  based  on  Timoehenfco  torsion  theory. 

Figs .6.3,  6.4  and  6.5  are  the  plots  of  amplitude  versus 
frequency  including  the  effects  of  longitudinal  inertia  and  shear 
deformation.  For  each  set  of  the  curves,  the  value  of  p  the 
damping  associated  with  warping  angle,  is  held  constant  while  the 
values  of  torsional  damping  Pt  are  varied. 

It  can  be  observed  that  the  general  shapes  of  the  plots 
do  not  differ  at  all  from  that  of  fig. 6. 2,  i.e.,  shear  deforma¬ 
tion  and  longitudinal  inertia  effects  do  not  radically  alter  the  ' 
form  of  the  amplitude -frequency  curves.  As  expected,  increaeing 
the  damping  associated  with  warping  angle  has  the  effect  of  low-  ' 
ering  the  amplitudes. 

Figs. 6. 6,  6.7  and  6.8  are  also  amplitude  frequency  plots  ' 
including  longitudinal  inertia  and  shear  deformation  effects, 
out  for  each  set  of  curves  Pt  is  held  constant  while  8  ie 
from  aero  to  105.  Again,  the  general  form  of  the  curves  is  not 
uni  lice  that  for  the  classical  beam.  However,  comparing  Pig3.6.6t 

6*7  6'8  Wlth  Fiea*6-5’  6*4  6*5,  it  will  be  readily  aeen  ’ 

that  the  variation  of  damping  associated  with  angle  of  twist  p 

has  a  much  stronger  influence  on  the  curves  than  the  variation"’ 
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IABLE-6.1 

Talueg  of.thg  natural  frequencies  and  maximum  total  torsional  amplitudes  for  various 
modes  of  vibration  of  a  simply  supported  beam.  1 
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of  damping  associated  with  warping  angle  Pw*  therefore,  inclu¬ 
ding  the  effects  of  longitudinal  inertia  and  shear  deformation, 
the  torsional  velocity  damping  is  more  significant  than  the  warp- 
ing- velocity  damping. 

Further,  to  consider  the  effects  on  higher  modes,  light 
torsional  damping,  (Pt=200,  ^=q)  will  be  applied  to  a  beam  of 
large  depth  to  length  ratio*  Keeping  the  same  physical  para¬ 
meters  as  above,  except  letting  L  =  100  (in)  to  emphasize  the 
shear  deformation  effects,  the  1  maximum  total  torsional  Ampli¬ 
tude  T  response  may  be  computed,*  This  is  the  maximum  torsional 
amplitude  obtained  du0  to  superposition  of  the  responses  of  all 
inodes  when  the  separate  natural  frequencies  are  successively 
ex  cited*  Maximum  total  torsional  amplitudes  are  given  in 
Table  6*1,  for  the  first  nine  symmetric  mode  shapes  of  the  sim¬ 
ply  supported  beam*  Prom  Table  6*1,  it  is  observed  that  as  the 
mode  number  n  increases  the  difference  bet?feon  the  natural  fre¬ 
quencies  of  the  classical  beam  and,  these  obtained  from  the  pre¬ 
sent  analysis  including  th©  effects  of  latitudinal  inertia  and 
shear  deformation,  also  increases*  As  shown  in  Chapters  IV  and 
V,  the  natural  frequencies  obtained  by  including  the  effects  of 
longitudinal  inertia  and  shear  deformation  are  lower  than  those 
for  the  classic  beam*  However,  the  amplitudes  obtained  includ¬ 
ing  longitudinal  inertia  and  shear  deformation  are  larger  than 
those  for  the  classic  beam. 

t 
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CHAPTER  -  YII 

TORSI QHAXl.WA  VE  PROPAGATION  IN  OHTHOTROPXC  THIff-WAT.T.-RTt  TffiMns 
OPEN  SECTION  INCHTDIEJC  THE  EFFECTS  OP  LOHSIIUBIRAL  INERTIA  AND 

SHEAR  DEFGRJJAT  ION* 

7.1.  INTRODUCTION : 

In  the  previous  Chapters,  free  and  forced  torsional  vib¬ 
rations  of  short  thin-walled  beans  of  open  section  including  the 
effects  of  longitudinal  inertia  and  shear  deformation  are  analy¬ 
zed  both  by  exact  and  approximate  methods.  The  present  Chapter 
deals  with  the  important  problem  of  torsional  wave  propagation 
in  orthotropio  thin-walled  beams  of  open  section  including  the 
seoonft  order  effects. 

Though  there  exists  a  good  amount  of  work  on  the  analy¬ 
sis  of  flexural  wave  propagation,  comparable  torsional  wave 
analysis  was  virtually  neglected  and  very  few  papers  on  this  topic 
have  been  published.  The  reason  is  the  fact  that  Coulomb  theory 
gives  the  same  first— mode  results  as  the  exact  theory.  The  avai¬ 
lable  information  is  almost  limited  to  the  circular  cylindrical 
bars.  Thus,  there  exists  a  lack  of  satisfactory  approximate  and 
exact  theories  for  torsional  wave  propagation  in  non— circular  bars 
especially  those  used  lii  structural  applications  such  as  thin- 
walled  beams  of  open  section. 

*  A  paper  by  the  author  based  on  the  results  of  this  Chapter  is 
accepted  for  publication  in  the  Journal  of  the  Aeronautical 
Society  of  India.  See  Ref.(jCy). 
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An  inadequacy  of  St.Venant’s  classical  -torsion  theory 
for  short  wave  lengths  was  hinted  at  by  love  (  7i$),  who  sugges¬ 
ted  a  correction  for  the  longitudinal  Inertia  associated  with 
torsional  deflection.  Vlasov  (/o'?)  also  introduced  the  effect 
of  longitudinal  inertia  in  hia  torsional  analysis  of  thin-walled 
beams.  However,  both  the  elementary  theory  and  Love’s  or 
Vlasov's  approximation  have  the  same  defects  as  do  their  counter¬ 
parts  in  longitudinal  wave-propagation  theory.  The  dynamic  equa¬ 
tion  used  by  Sere  (3^-)  in  his  torsion  analysis  was  essentially 
that  previously  derived  by  Timoshenko  (^g)  and  included  the  ef¬ 
fect  of  warping  of  the  cross  section.  These  equations  are  found 
to  lead  to  physically  absurd  results  for  short  wavelengths. 
Aggarwal  and  Craneh  (  ^  )  presented  a  strength  of  materials 
theory  including  the  effects  of  warping  of  the  cross  section, 
longitudinal  inertia  and  shear  deformation.  This  theory  was 
found  to  lead  to  theoretically  satisfactory  results  for  the  first 
mode  of  transmission  over  a  wavelength  spectrum  which  included 
moderately  short  wavelengths,  and  that  it  agreed  with  previous 
approximations  for  large  wavelengths-  The  group  velocity  for 
the  second  mode  was  found  to  increase  monotonically  from  zero 
for  the  longest  waves  to  the  bar  velocity  for  very  short  wave¬ 
lengths.  This  was  in  agreement  in  form  with  the  higher  modes 
of  the  exact  theory  for  circular  cylindrical  bars  (Sf,2s>. 

All  the  above  work,  and  a  host  of  other  investigations 
involving  torsional  wave  propagation  phenomena  in  thin-walled 
beams,  concerns  isotropic  materials.  Anisotropic  materials  have 


not  been  approached  to  the  beat  of  author’s  knowledge.  As  Is 
well  known,  anisotropy  of  the  material  introduce#  considerable 
complications  in  the  oompu tat. tonal  part  of  the  solution. 

The  present  Chapter  therefore,  aims  at  investigating 
the  problem  of  torsional  wave  propagation  in  orthotropic  thin- 
walled  beams  of  open  section  including  the  effects  of  longitu¬ 
dinal  inertia  and  shear  deformation,  from  the  strength  of  mate¬ 
rials  approach.  This  approach  is  attractive  for  its  physical 
directness.  More  specifically,  the  interest  is  to  find  what 
values  of  the  wave  frequency  result  from  the  elementary  theory 
established  for  the  anisotropic  analog  of  the  isotropic  thin- 
walled  beams  of  open  section  including  the  effects  of  longitu¬ 
dinal  inertia  and  shear  deformation.  To  this  end,  the  equation 
of  motion  for  free  torsional  vibrations  of  thin-walled  beams  of 
open  section  of  orthotropic  material  including  the  second  order 
eifects  is  established,  analogous  to  that  for  isotropic  material. 
It  is  shown  herein  that,  for  some  anisotropic  materials,  the 
corrections  due  to  long itudinal  inertia  and  shear  deformation 
may  be  of  one  order  of  magnitude  greater  than  the  correction 
in  the  isotropic  case.  Graphs  are  also  given  for  the  phase 
velocity  versus  inverse  wavelength  for  various  aspect  ratios  of 
beams  of  different  materials. 

?-2.  ANALYSIS  AMD  EXAMPLES: 

For  definiteness  and  simplicity,  let  us  take  the  mate¬ 
rial  of  the  thin-walled  open  section  beam  to  be  orthotropic. 
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with  one  axis  of  elastic  symmetry,  z-axis,  directed  along  the  axis 
of  the  beam. 

As  Is  well  known  the  fundamental  equation  of  elementary 

theory  of  flange-bending  retains  its  validity  for  anisotropic 

materials  of  the  most  general  type,  provided  the  isotropic' 

Young’s  modulus  is  replaced  by  the  modulus  E  for  extention- 

zz 

compression  along  the  axis  of  the  bar. 


In  symbols, 


(7.1) 


analagous  to  the  Eq.(4.4)  for  the  isotropic  beams. 

ffow,  in  the  derivation  in  strength  of  materials, of  the 
formula  for  the  maximum  shear  stress  in  flange-bending, 


(7.2) 


no  specific  elastic  properties  of  the  material  besides  certain, 
symmetric  conditions,  arc  postulated.  This  equation,  therefore, 
is  certainly  valid  (in  the  same  sense  of  strength  of  materials) 
for  the  elastic  symmetrices  involved  in  the  orthotropic  thin- 
walled  open  section  beam  characterised  earlier.  For  such  a 
beam,  with  Ggx  as  the  pertinent  shear  modulus, 


T 


(7.3) 


ao  that 


-  Q  =  K  A 


(7.4) 
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where  Ggh  ig  the  shear  strain  at  the  center  of  the  flange,  x=0, 
given  by 


i\&  -Pi 
S 


(7.6) 


In  Eq.(7..g)  all  others  being  previously  defined,  SQ  stands  for 
the  statical  moment  with  respect  to  neutral  axis.  In  Eq.(7.4) 

K  is  the  shear  coefficient  which  depends  upon  the  ehupe  of  the 
cross  section  and  is  given  by 


I,t_ 


SoAf 


(7.6) 


There  is  ho  difference  between  Eqs.(7.l)  and  (7.4)  and 

the  corresponding  equations  in  the  isotropic  case  i.e.,  Eqs.(4.4) 

and  (4.7)  of  Chapter  IT,  except  for  the  moduli!  E  and  G  stan- 

zz  zx 

ding  for  E  and  G*  One  can  "therefore  avoid  all  "the  trails  forma.— 
tion  and  proceed  directly  to  derive  the  frequency  equation* 


Following  the  procedure  in  Chapter  IV,  the  equations  of 
motion  can  be  now  written  for  torsional  vibrations  of  orthotropic 
thin-walled  beams  of  open  section  as  t 


V.  -0  +  K' V^<i  0  -  {* )  =  n,  0  <».T> 


and 


*v«<i  ■“-?»>  +szIif§f-  ^,0 


(7.8) 


Eliminating ^ between  Eqs.(7.7)  and  (7.8)  a  single  equa¬ 
tion^  may  be  obtained  as: 
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,  fVf  .  n^-] 

K  A  G  22  w 

L  f  EX  __ 
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f  K  Af  2 
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dz29t2 


K  A.-5 

X  ZX 


0 


(7.9) 


Per  a  wave-fora  solution  In  long  beams,  consider  a  sinu¬ 
soidal  wave, 


0 


1 ( z-C  t ) 


(7.10) 


propagating  along  the  beam.  In  Eq.(7.l0),  6±  is  the  wave  num- 
er  2n/^Y ,  being  the  wavelength.,  the  phase  velocity  for 
torsional  waves,  and  t  is  the  time. 


Substituting  0  from  Eq.(7.10)  into  Eq.{7.9),  the  fre¬ 
quency  equation  for  torsional  waves  is  obtained  as 


where  Cg  -  ^zy/?  ^  ^  shear  wave  velocity.  Eq.(7.li) 

determines  the  phase  velocities  of  the  torsional  wave  propaga¬ 
tion  in  an  orthotropic  thin-walled  open  section  beam. 

Two  cases  of  interest  can  be  deduced  from  Eq.(?.n)  as 


follows : 


2U4 


(l)  Negleoting  shear  deformation,  by  lasting  k'-*  »  ,  the 
frequency  £q.(7,u)  reduces  to: 

(V  „  V  , 

2  Ip+  Sk2  If(h/A)S  (7,1S) 

Hq.f7.12)  therefore  is  the  frequency  equation  which  includes  the 
warping  and  longitudinal  inertia  effects  of  the  cross  section. 

Neglecting  longitudinal  inertia  and  shear  deformation, 

"by  letting  f  If  =  0,  K  -  »  }  the  frequency  equation  (7.il)  redu¬ 
ces  to: 


:■  l 


(hz  ■=  j- 


p  l 


V  2712  (Va)1 


(7.13) 


which  ia  the  frequenoy  equation  including  the  effect  of  warping 
only  and  represents  the  Timoshenko  tortion  theory  (3  2-). 

Returning  now  to  the  general  Eq.(7,n)  which  includes 

both  the  second  order  effects,  it  may  written  in  an  alternative 
form  aa: 


/ 


B.P-+34*  (£)" 


*"8  VH 


where 


ct„  =  E  /G 
o  zzf  zx 


P3  =  J  [  °a+  Cl/S)  j 


(7.14) 

i 

(7.15) 

(7.16) 


m 


r; 


|j|i 

-‘3$; 


•ft 
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J 
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$ =  E  ,Afii2/if  (v.17)- 

and 

^2  =  V1?  (7*1B) 

Eq_.(7.14)  gives  rise  to  to  two  modes  of  wave  transmis¬ 
sion.  The  new  mode  can  be  explained  to  arise  from  the  coupled 
interaction  of  the  torsional  deformation  with  the  bending  effects 
of  shear  deformation  and  longitudinal  inertia.  The  phase  velo¬ 
cities  for  the  two  modes  are  given  by  Eq,{7,14)  as: 


CL  2 


1 

2 


v  v^J  <V 


2 


VVg<f)‘ 


-  4 


f  e  +  Ufaffys 
33  4,2 


-,1/2 


I 


(7.19) 


where  the  minus  sign  is  taken  for  the  first  mode. 


Eq.(7.19)  defines  the  phase  Telocity  as  a  function  of 
the  shape  of  the  cross  section.  At  very  large  wave  lengths  the 
results  for  the  lower  mode  obtained  from  Eq.(7.19)  will  agree 
with  those  from  previous  theories-  This  is  obvious  because 
the  deformation  associated  with  long  wave  lengths  is  primarily 
that  of  rotation  of  the  cross  section  with  essentially  no  warp¬ 
ing,  no  shear  deformation  and  hence  no  dispersion.  The  impro¬ 
ved  theory  due  to  Aggarwal  and  Cranch  ( 1+  )  displays  finite 
wave  velocity  C-  VTL  for  very  short  wavelengths  as  against  the 
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infinite  wave  velocities  predicted  by  Timoshenko  torsion  theory 
and  low  ware  velocities  predicted  by  Saint-Venant  torsion  theory, 

From  Eq,  (7.16)  which  defines  fig,  it  may  be  obeerred 
that  for  short  ware  lengths,  the  torsional  stiffness  effect  is 
very  small  and  the  shear  distortion  of  the  flanges  contributes 
more.  The  present  analysis  gives  satisfactory  results  for  wave 
lengths  -A.  >  tw  for  the  first  mode  and  this  coincides  in  the 
second  mode  with  the  form  of  the  exact  theory  for  citcular  cylin¬ 
drical  bars.  The  range  of  applicability  of  the  first  mode, 

A_>  V  glves  a  length  spectrum  which  includes  moderately 
short  waves  and  high  frequencies,  and  aB  such  covers  a  range  of 
practical  interest.  As  an  example,  for  the  beam  for  which 

Wh.  =»  0.75,  t^/h  =  0,050  and  t^/h  *  0.040  the  theory  is  valid 
for  wave  lengths  h/X  <  25. 

Despite  the  fact  that  Eq.(?.19)  has  a  form  identical 
with  that  given  by  Aggarwml  and  Cranch  (  4 )  for  isotropic  beams, 
ere  is  a  basic  difference  between  the  two  equations.  It  con¬ 
sists  in  that,  for  isotropic  bodies,  the  value  of  poiason's 
ratio  ranges  (at  least  in  principle)  from  0  to  0.5,  so  that  the 
value  of  E/G  in  Eq.  (7.3,9)  falls  between  2  and  3.  On  the  other 
hand  for  anisotropic  materials  the  values  of  may  he  one 

end  possibly  even  two  orders  of  magnitude  higher.  So  much  so, 
both  the  corrections  due  to  shear  deformation,  and  the  correc¬ 
tions  for  longitudinal  inertia  and  shear  deformation  together, 
may  become  several  times  greater  for  anisotropic  beams  than  they 
are  for  isotropic  beams. 
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Table  7.1.  Values  of  a„  for  various  materials . 


Material 


Isotropy 
Orthotropy  II 
Orthotropy  I 
Transverse  Isotropy 


2.6 

13.9 

17.1 

35.0 


(Average  of  the  range  20  -  SO) 


The  values  of  a^(=  Eza/Gzx)  for  three  types  of  anisotro¬ 
pic  materials  considered  in  this  Chapter  are  given  in  Table  7.1. 
For  an  isotropic  material  the  value  of  a  is  taken  as  2.6. 

7.3.  RESULTS  AML  DISCUSSION: 

Figs. 7.1  to  7.8  show,  the  phase  velocities  for  torsional 
waves  in  four  wide-flanged  I-beams  which  cover  the  practical 
range,  having  dimensions  such  as: 

£l)  Yh"0.8e,  tf/h=0.025,  tyh^O.020  (Pigs. 7.1  and  7.2) 

(2)  b^=O.BO(  tjA-0.040,  tyt^.025  (Pigs. 7 .3  and  7.4) 

(3)  bj/h«0 , 76 ,  tf/h=0.050,  t/h^.040  (Pigs. 7. 6  and  7.6) 

(4)  yh=l,00,  tj/h^J.10  ,  t^/h =0.050  (Pigs. 7. 7  and  7.8) 

Of  isotropic  and  three  types  of  anisotropic  materials  having  vail 
of  2.6  (isotropic),  13.9  (orthotropy  II),  17.1  (orthotrdpy  I) 
and  85.0  (transverse  isotropy),  Plgs.7.1,  7.3,  7.5  and  7.7  gives 
the  results  corresponding  to  the  first  mode  for  various  values  of 
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ofg  for  the  four  beams. 

In  drawing  the  graphs,  the  value  of  K*  was  taken  as 
rt®/l2.  The  phase  velocities  corresponding  to  the  second  mode 
for  all  values  of  «3  can  be  observed,  from  Pigs. 7. 8,  7.4,  7.6 
and  7.8  for  the  four  beams  considered  here,  to  decrease  from 
Infinite  values  for  the  longest  waves  to  the  beam  velocity  for 
the  shortest  waves. 

The  results  for  phase  velocities  obtained  from  Timo¬ 
shenko  torsion  theory  (Eq.7,13),  the  theory  including  warping 
and  longitudinal  inertia  (Bq.7.18),  and  the  theory  including 
warping,  longitudinal  inertia  and  shear  deformation  (Eq.7.19) 
are  compared  in  Pig, 7.1  for  beam  (l)  defined  above,  for  .the  four 
values  of  considered  in  this  work.  In  all  cases  the  values 
of  the  phase  velocities  increase  with  increasing  values  of  a,. 

r 

From  Fig, 7*1,  it  can  be  observed  that,  at  lower  values 
of  h/A  ,  the  phase  velocities  from  Eq.(7.l9),  increase  consi¬ 
derably  with  increasing  values  of  a3,  but  differ  only  slightly 
for  different  values  of  a  at  higher  values  of  h£\  ,  The  va¬ 

lues  obtained  from  Eqa.(7.12)  and  (7.13)  differ  greatly  at  lower 

values  of  Dtg(=  2.6)  but  differ  slightly  for  higher  values  of  a-. 

o 

Beoause  of  the  above,  it  can  bo  soon,  that  the  percentage  of  in¬ 
fluence  of  both  longitudinal  and  shear  deformation  on  the  tor¬ 
sional  wave  propagation  may  increase  draBtioally  for  increasing 

values  of'ff  i.e  e  /<}  . 

3  *  z’z'  ax 

Por  example,  for  beam  (l),  for  h/A  *=0.4  and  a,=  8.6 

o 

(isotropic)  the  peroent&ge  influence  of  both  longitudinal  inertia 
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and  shear  deformation  is,  18  percent  and,  that  of  longi¬ 
tudinal  inertia  alone  is,  4  percent*  But  these  values 

change  drastically  for  anisotropic  member  and,  for  instance ,  for 
h/?V  =0,4  and  =  3B.0  (transverse  isotropy),  the  percentage 
influence  of  both  longitudinal  inertia  and  shear  defomation  for 
the  first  mode,  is  as  high  as  \s~  61  percent  and  that  of  longi¬ 
tudinal  inertia  alone  is  4.7  percent.  Hence,  it  can  be  con¬ 

cluded  that  for  some  anisotropic  materials,  the  corrections  due 
to  longitudinal  inertia  and  shear  deformation  may  be  of  one  or¬ 
der  of  magnitude  greater  than  the  corrections  in  the  isotropic 
oaee. 
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elastic  foundation,  including  the  effects  of  longitudinal  iner¬ 
tia  and  shear  deformation.  The  coupled  differential  equations 
in  angle  of  twist  and  warping  angle  governing  the  motion  of 
the  ehort  thin-walled  "beam  in  torsion  are  derived  utilizing 
Hamilton's  principle.  Hew  frequency  and  normal  mode  equations 
which  include  the  effects  of  time— invar lent  axial  compressive 
load  and  elastic  foundation  are  derived  for  various  simple  end 
conditions.  The  affects  of  axial  load  and  elastic  foundation , 
in  combination  with  the  second  order  influences,  on  the  tors¬ 
ional  frequencies  and  buckling  loads  are  discussed  for  the  case 
of  a  simply  supported  beam. 

8,2‘  PERIVATIOH  Op  CCTOLED  EQUATIONS  of  MOT  I  Oh  INCLUDING  AXIAL 
IA/LD  AMD  ELASTIC  FOTJhDATIQj‘1 : 

Hie  strain  energy  U4  the  Winkler- type  elastic 

foundation  is  given  by: 

ua  m  I  f  (o>i) 


Utilising  Eqs,(4.12)  and  (8,1 ),  the  total  strain  energy 
U  at  any  instant  t,  including  the  effect  of  Winkler-type  elaa- 
tio  f oundation  can  be  written  as  * 


U  =  U1+  U2+  u3t  U4 


1  L 
=  i  f 

2  t 


GC  (&)  +  2  El-  (^) 

3  dz  i  a 


av--2 

z 


*  z  K\t<n  I  +K+(0)2 


ds 


Co.fi) 


220 


5)he  potential  energy,  W ,  due  to  the  title— invariant 
axial  compressive  load  P  is  given  by: 


w  =  I  /  5:  (  &  )8 

*  o  A  a2 


(8.3) 


The  total  kinetic  energy  at  time  t  ia 


\  *  £ 


p'3t 

which  ia  same  as  Eq.(4.i3). 


nj^)  +  2  PI,  (-521) 
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(8.4) 


If  W  :Cr':ira  Eqa.{8.4),  (8.2)  and  (8.3)  are  sub¬ 
stituted  into  Eq.(s.l),  and  variations  taken,  and  after  integ¬ 
rating  the  first  two  terms  by  parts  with  respect  to  t  and  next 
five  terms  with  respect  to  z,  we  obtain: 

I1  \  1-f  <°v  ^>0  -  K  VhCg  f4  -  SSS) 


%  0 


f  2=2  a 
3j5-  3z 
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dt  =  0 


(8.5) 
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Assuming  that  the  values  of  0  and^*  are  given  at  ths 
two  fi^ed  instants,  the  second  integral  vanishes.  If  the  bou¬ 
ndary  conditions  are  such  that  the  third  integral  also  vanishes, 
then  179  obtain  the  two  coupled  equations  of  motion  as: 

(3V  t8’  yf  *  K’v“<i  rf  -  l5e>-  m-  pi  o 

az  «  ezs  aB  t1"  p  az2 

(8.6) 


and 


’h  ^  KV<1|; -v)  -  eIf 


ftp 


=  o 


(a. ?) 


e*3-  HA-JURAL  BOUNDARY  QOMPITIONH : 

In  deriving  the  coupled  equations  (8.6)  and  (8.7)  from 
(8.5)  it  was  assumed  that  the  expression 


(GCg-  —&)  ^  +  K'AfGh(|  M  _p) 


¥  +  2  Si.  6^P 

1  $3 


vanishes  at  the  ends  zO  and  z=L.  This  condition  is  satisfied 
if  at  tile  two  ends* 


3 

■1 


? 

*  ^ 


(a°S~  +  K'AfGh(|  ^  -Zp) 

9s  1  ^  dz 


60  =  0 


and 


IS  6 


dz 


t,J  =  0 


(8.8) 


(8.9) 


Eqa.  (a.e)  ana  (Bi9)  gtT0  thB  natur!ll  bouMsry  ooMltlons  for  th, 
finite  bar.  Except  for  the  case  of  a  free  end,  the  boundary 

conditions  for  simply  supported  and  fixed  ends  remain  the  same 
as  those  given  by  Bqa.(4.19)  and  (4.80). 


■  4 

i-M 

-M 

\  '  1  i 


Sr 


.m 
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For  the  case  of  a  ''free  end*',  the  natural  boundary 
conditions  for  the  present  problem  become: 


“p"  ~  Oi  and  (GO - -r^)  M  +  k’a  Gh  (-  -  Zy)  =  o 


'  0! 


3z 


(8.10) 


f  Ii:  can  be  observed  that  the  difference  between  Eqg.(B.lO) 
and  {4.21 )  for  the  ease  of  the  froe  end  in  due  to  the  presence 
of  the  axial  compressive  load,  P,  acting  at  the  shear  center 
(or  centroid)  of  the  beam. 

8.4.1.  SINGLE  EQUATION  IN  ANGLE  OF  TWIST: 

Eliminating  ^between  the  coupled  Equations  (8.6)  and 
(8.7),  a  single  equation  of  motion  in  angle  of  twist  0  may  be 
obtained  as: 


ElfC  PI  El. 

-rf-S  +  EC - l 

K  Af 


w 


X  AfGA 


±0 

d? 


IfeEt.V;1?  ■  fI^e 

K  Af  2  k’a^GA 


X-  AfG 


a4  0 
az2at2 


-  (GC  +  +  (  fx  +  ...fi Kt )  ^ 

S,  X  AfG  A  az2  P  K  AjG  0ts 


Pi  ?  If  fArt 

+  |  P  f  — |  +  K.  0 

X  AjG  0t4  t 


a  0 


(8,11) 


Eq.(8.1l)  is  the  linear  partial  differential  equation 
of  fourth  order  governing  the  torsional  vibrations  and  stability 


of  a  thin-walled  beam  resting  on  continuous  elastic  foundation. 
8.4.1.  ANALYSIS  OF  VARIOUS  'T GIRL'S : 


(i)  letting  Cy  -  Plj  -  0  and  K  =s  Eq.  (s.ll)  reduces  to: 

<ov  t2’  B  -  B  -  v  ■  ° 

Eq. (8.12 )  represents  the  governing  differential  equation- 
of  motion  for  the  torsional  vibrations  and  stability  of  a  beam 
resting  on  continuous  elastic  foundation)  based  on  Saint  Venant 
torsion  theory  and  does  not  included  the  effects  of  warping, 
longitudinal  inertia  and  shear  deformation. 


(il)  If  0^  =  0  and  K  —  then  Eq,(8.1l)  becomes: 


3% 

2  3a23t2  " 


3t2 


K^.0  =  0 


(8.13) 


Eq.(8.13)  represents  the  equation  of  motion  based  on 
love's  torsion  theory  and  includes  the  effect  of  longitudinal 
inertia. 


(ill)  If  (  If  *  8  and  K  •*  «,  Eq.  (8,11 )  reduces  to! 


’» B  ■  (ov  t25  B + m  +  %  ^  ■  ° 


(8.14) 


Eq, (8,14)  is  the  governing  differential  equation  of  mo¬ 
tion  based  on  Timoshenko  torsion  theory  which  includes  the  ef¬ 
fect  of  warping  and  neglects  longitudinal  inertia  and  shear  de¬ 
formation.  It  must  be  recalled  that  this  equation  is  same  as 


Eq,{2.6)  which  ia  completely  solved  in  Chapter  II  for  various 
end  conditions  of  the  beam, 

(iv)  If  K  -*  «f  Eq.(8*ll)  becomes: 


EC 


w  a,4  “  2  3z2at2 


a% 


o 

(8. IB) 


Eq.(8.15)  represents  the  governing  differential  equation 
of  motion  including  the  effects  of  warping  and  longitudinal  in¬ 
ertia  but  neglecting  the  effect  of  shear  deformation. 


(v)  If  Plj  =  Ot  Eq.(e.ll)  reduces  to: 


EI/3  P3LSI- 

— 4-a  +  ec  _  ,P  £ 

.  K  Af  w  K  AfGA 


3%  '  E  Pl£^f 


„  „  “  “T 
3a  K  A,0 


■3^  .. 

Oss®  Ot2 


-  (GO  + 
s 


K  AfG 


:3i)jqi  + 

jnL 


3zs 


FIP 


ii 

3t2 


V  = 


(8.16) 


Eq.(8.16)  ig  the  equation  of  motion  including  the  effects 
of  warping  and  shear  deformation  but  neglecting  the  effect  of  lon¬ 
gitudinal  inertia. 


8.5.  NON-DIMENS IQNAIIZATION  AMI  GEMBHAL  SOLUTION : 

Eliminating  0  inEqs.(8.6)  and  (8.7)  we  obtain  the  com¬ 
plete  differential  equation  in  warping  angle  Zy  aa : 
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EC  -  ■  j  r  *i  ■—  . 

K  A-SA  dig4 


to 

l_^K  Aj  K  A^GA 

pto+vi+  &  <  <% 

L*V>  **,  e  '77^r 


r< 


*4^ 


'  (ao»+  S  -  -  <  f  v  to)  iy 

K  V  A  9a  P  K  Aj3  at? 

P1!,^  If  0% 

+  — yX. - 1  +  Kjp  =  0 

K  A^S  at4  -t" 


■  -i  «j 


(8.17) 


Substituting  Eqs .  (4 . 30 )  to  (4.32)  ana  setting  th.  f.otor 
*  ’  *ls-<8-6>-  (a-').  (8.11)  ana  (8.17)  are  reduced  to: 


p(Ea-  Z}8)«|  i  +  e8(X8-  4-)8)0  -  (sL/h)^'  -  0 


_  I  I 


s2  ^  -  (1-  x8s8a8)£  +  (h/2b)  * 

,-iv 


(8.18) 

(8,19) 


* 


r  S2(K8-^)+1jJlT+  pxE  a¥lA!(l.A¥)(<!(i_ 

-  (  X8-  4  V8)  (1-  X8s8a8)  0-0  (0 . 20, 

fs8(K8-A8)+  j]  ^lT+  [AWtrf(l.  xW)+  >E(-  xS_  ^  s  S)]  -■ 

-  (  X8-  498)  (1-  X8,8d8)*,  .  0  (8.S1) 

»ha«  Primes  denote  dlffsrsntlstlon  ,1th  rsspset  to  z. 

general  solutions  of  Sqs.te.M)  ana  (a.a)  sen  be  found 

&s  * 


■ 


.  1  •*  i‘ 


— 
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0  “  BlCosh  a3Z+  Bg0inh  agZ  +  B^ooh  f^Z  +  B4ain  ^z  (a.gg, 

^  =  BlBlnh  t^Z  +  B’cosh  a3Z  +  ft,Z  +  B^cos  PgZ  (0.23) 


where 

ct„ 


p3  rst2^- a2)+  1]V2 

r> 


;  s2(>8.  „*)] 


and 

r 


*  [xW*4?(l-  A¥).  ■*<*.  4^)]8+  4(*.  4VS)j  USl 

(a. si) 


Vi 


[A!dV(l.J,W).  .'Of.  4  >>»)]"’+  40,2.  4 V2)jl/C 
>  [xWtA*  (l- AeaV)  +  „E  (A2-  4ii)2)  I 

Is  aga tuned. 


In  ease 

r 

[A2aSdS+^2(i-  \2 


A2a2d2)-  s2{  AS~  4?  2)j2+  4C^S-  4^  2) 
<  [^2&Sd2+^2Cl-  >2aSd2)+  0E  (*2_  4>>S)  j 


1  1/2 

o 


we  write 


“3  " 


rsfa’V-  a2)+  7  ji/2  ||^>Vd*+4sS(i-^!flV)+  02(A2-  4*2)' 

[xW^Ci-^.V).  ,2(>2-  4)(2)JS+4(A2.  4V2)11/8^/£ 


1  a. 


(8.25) 
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Than  Eqs.(8.28)  and  (8.23)  are  replaced  by 
"  * 

0  •  V°*  «jZ  +  jjyin  «jz  +  B3oo,  p,z  +  B4,ln  (s.8«) 

-  lBlBln  ojz  +  b'oos  orjz  +  Bjaln  P3Z  +  B^ooa  BjZ  (s.E7) 

Solutions  of  Eqs .(8.22)  and  (8.23)  or  (8.26)  and  (8.27) 
are  naturally  the  solutions  of  the  original  coupled  equations 
(8.6)  and  (8.7). 

Only  one  half  of  the  constants  in  Eqs.(8.22)  and  (8.23) 

are  independent.  They  are  related  by  Bqs.(8.6)  and  (8.7)  as  fol¬ 

lows.* 


B1  “  IsJ  [  ®2  (a3  +>2d2)  Jb^ 

Bs  "  S~  [UbB(4  +*sa2>  ]Bg 

b3  —  a-  [i+8v3.^)]b; 

3 

s*  ■  fp"  [i+  8*(fii  -  A%8)  ]  B4 


(8.28) 

(8.29) 

(8.30) 

(8.31) 


or 


»l  *  IE j 


Bs  15  2i rs% 


{“!  +1  ]+  4Ve)|Bl  (0.38) 

eS(Kfi-  a8)  +  1  |+  a2(>8 


4*  2) 


? 


BP  (8.33) 


Bs 


32(K2-/l2)  +  1  J-  a2^2-  4^2)|b3  (8.34) 


A$i 

'  i  V  ^ 
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;-A2)+  1  -  h£(A8-  42?S)  B4  (8,36) 


S.6.  FHaoUEKQY  OR  BUOKLIlfS  LOAD  SQUAT  I01T3  AMD  MODAL  FUNCTIONS: 

In  section  8.3,  natural  boundary  conditions  for  tbs  pre- 
§«nt  problem  are  diaoussefl,  by  combining  these  aondltions  in  pa it a 
many  types  of  single-span  beams  can  bo  analyzed.  In  terms  of  non- 
dimensional  parameters,  the  boundary  conditions  for  a  1 'free  end" 
can  be  written  as: 


(8.36) 


The  application  of  appropriate  boundary  conditions  (4.53), 


(4.B?)  and  (8.36)  and,  relations  of  integration  constants  (8.29) 


to  (8.35)  to  Eqs.(8.22)  and  (8.23)  yields  for  eaoh  type  of  beam  a 
set  of  four  oonetants  33^  to  B^  with  or  without  primes.  In  order 
that  solutions  other  than  zero  may  exist  the  determinant  of  Jtite 


coefficients  of  B  B  must  be  equal  to  zero.  This  leads  to  the  fre¬ 


quency  equations  in  eaoh  oaso  and  the  roots  of  these  frequency  or 
buckling  load  equations,  ^  i  -  l,2,3,...n,  or  A®  giTe  the 
eigen  values  of  the  problem.  The  corresponding  modal  functions, 


&±  and  ^  can  be  obtained  accordingly. 


3 IMPLY  SUPPORTED  BEAM: 

The  boundary  conditions  for  a  beam  simply  supported  at  both 
ends  are: 


f 


0  -  P  =  0 


at  Z  =  0 
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and 


—  — * 

0  -  ^  Q  at  Z  *■  1 


& 


For  the  boundary  conditions  at  Z  =  Ot  Bqs,(8.2s)  and 
(8*23)  give: 


V 


B1  +  b3  =  0 


(8.37)  '  ;i 

ii 


|“3  |  s2^-^2)  +  l]  +  s2(  A2-  4  y2)  J  B1 

"  £^3  [s2(K2-^2)+  lj-  s2(A2-  4^>2)  j'  B3  =  O  (8.38) 


Since  the  secular  detemlnant,  ie., 

(Vc^-a2)  *1  ]  <  «§+  m 

therefore  It  follows  that  B.  =  B„=>  0. 

x  3 


(8.39) 


For  the  second  pair  of  conditions  at  Z  «  1,  £<^.(8.22) 

and  (8.23)  gives 


(8.40) 


h  ’ 


:| 


I 


H 


Sg  slnh  a^+  ein  o 

and 

'  a3  [e2(£2-A2)  +  lj+  s2(A2-  4  V  2)  j“  Bg  glnh  a 3  ! 

-  ^  [bS(K2-^2)+  lj~  bS{  A2-  4y2)^  B4aln  P0=  0  (s.4l) 

For  a  non— trivial  solution,  the  secular  determinant  must 
vanish.  This  gives  the  charaoterestie  equation: 


^s2(K2-A8)+  lj  (a8  +  fi2)  glnh  0in  ^  =  Q 


(8.42) 


231) 


m 


3Uio«  [h2(K8-A8)  +  1  j  (a2  +  ft)  fL  0 


and 


“8  ^  °» 


ffrom  Eq. (9,48)  we  have 

*  nw,  n  -  1,2,3,. ... 


■  »«.j 

(8.4$ 


which  leads  to  the  main  solution  of  the  problem. 

Letting  Mg  "  u2*2  in  Eq.(8.24),  the  frequency  equation  in  is 

obtained  ass 


sV  X4  -  X2  1  +  n2*2  [s2+  dZ+  s2d8(K2-A2)|+  4  s2d2^2j= 
+  |v™4  js^K2- A8)+  i>  n2*2^2-  A8)+  4  ^2(1+  n2^2)^ 

This  equation  gives  two  real  positive  roots: 


=  0 
(8*44 


x1 


mn  2s  d* 


1+  n2w2j  s2+  d2+  s2d2(K®-A2)  l  +  4a2d2>>  2 


+( 


-1 )  J  Jl  +  n2 


I  I 


1 

\z 

)  \ 

*  tnSW  ' 

(8.4: 


This  frequency  equation  (8.45)  in  ,\2,  has  an  infinite 
ber  of  roots  which  in  general  represent  two  coupled  frequency  spi 


otra. 


Using  Eqs. (8.43),  (8.40)  and  (s.4l),  one  gets: 


b2  =  0 


(8.4£ 


Eh®  modal  functions  are  obtained  from  Bqs.(4.22)  and 

(4,83)  with  B  b  given  by  I5qs.(8.39)  and  (8.48),  The>e  ara  given 
aa  l 

^mn  “  8ln  nWZ  (8.47) 

?pmn  *  aSSE  {a2«2|e2(K2-^)+  lj-s2^-  4*  s)  l00B  nflZ 

(8,46) 

\  2 

where  A  ^  being  given  by  (8.45). 

The  second  spectrum  appears  at  higher  frequencies,  grea¬ 
ter  than  the  critical  frequency  X  given  by 

0 

A  *  =  i/s8a.s 

and  is  dus  to  interaction  between  shear  deformation  and  longi¬ 
tudinal  inertia.  It  should  be  mentioned  here  that  for  the  rang® 
of  values  of  the  dimensionless  parameters  covered  in  this  chapter, 
^  is  less  than  X 

o 

For  the  case,  X  >  X  Qr  it  is  convenient  to  use  a%  «  la* 

3  3 

and,  the  characterestic  frequency  equation  (8.42)  transforms  to: 

sin  a*  sin  P3  =  0  (8.49) 

Hence,  in  case  there  is  any  extension  from  there  on  for 
beyond  Ag  ie>,  X  s  d  >1,  care  should  be  taJcen  to  aocount  for 
the  frequencies  of  the  second  spectrum  which  can  be  obtained  from 
Eq. (8.49) . 

By  putting  s2a  d2=  0,  in  Bq.(8.44),  the  equation  for  the 
the  frequency  parameter  X  .  neglecting  the  effects  of  shear  defor- 
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mation  and  longitudinal  inertia,  can  "be  obtained  as: 


'A  =  n2it2(n2n®+  IC2-  A2)  +  4>*2 


Ce.so) 


whloh  is  the  same  as  Eq.(2.4?)  derived  in  Chaptar-II  utilizing 
Timoshenko  torsion  theory, 

s.fi.g.  mKn-jryw  'wn^t 

For  a  beam  olamped  at  both  end a ,  the  boundary  conditions 

are: 


■  »,'■ 


and 


V’  ■  0  at  Z  ~  0 

0  ~  ^ a  0  at  Z  »  1 . 


Applying  the  above  boundary  conditions  to  the  general 
solutions,  Eqs.C8.gg)  and  (8.23),  the  frequency  equation,  for  the 
first  set  (  ^  <  X  )  can  be  obtained  as: 


2  2 

_  (l-  5  e„ ) 

s-s  cosh  a%  cos  P3  +  — 1  1  sinh  a,  sin  P,  =  o 

o  6  o  o 

1  1 


where 


and 


S1  “  °3/(J3 


pj||«8(K*-/\8)  +  i|„  s2(A2_  4V2) 


s2(K2-/\S)  +  i|+  s2(  X2-  4$  2) 


(8.51) 


(8.52) 


(8.53) 


The  frequency  equation  for  the  second,  set  (  A  >  A  )  is: 
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i 


a  .  a  (1+  &!>  -  , 

2-S  cos  ct,  cos  fL  + - —  sin  a_  gin  =  0 

o  5  6n0„  3  3 

2  2 

where 

52  =  «3  /  h 

and 


H®  [.*<![«- 6?) .l]  -  ,«(**.  4<SS) 
o|  |s8(KB-A8)+  1  |  -  SE(  A  4-J2) 


(8.54) 


(8.55) 


(8.56) 


Ihe  modal  functions  for  the  first  set  are  given  hyt 
^  -  D(oosh  otgZ  +  6^1  0J  slnh  a3Z  -  oos  PgZ+  gin  PgZ)  (8.57) 


A*-  H(oosh  a3Z+^|  ginih  a3Z-  cog  PgZ+^sin  P,Z) 

11  i 

(8.58) 

where 

w  r  cosh  a-  +  oos  f3_ 

-  — - £ _ 2 

1  fi1ei»inh  a3-  sin  ^ 

(8.59) 

•  -  oogh  a-+  cog  (3_ 

A  =  - 2 - 3 - 

/  1  (l/^0^  )ginh  a3+  gin  P3 

(8.60) 

The  modal  functions  for  the  second  get  are! 

—  f  # 

^  ■  D(c0s  azz  "  V^fi  e2  Bin  aZZ  -  COfl  ^3Z+^2  ain  P5Z) 

* 

^  «  H(coa  KgZ  sin  OgZ  -  cog  +/^  p  gin  J^Z) 

where 


6  0 
2  2 


OOg 


a5  ~  °°e  ^ 

$gGg  sin  a3+  gin 


(8.61) 

(8.62) 


(8.63) 


i 
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-  cosh  dj  +  COS  Pg 


(6.64: 


Sinoe  the  coefficients  in  0  and  of  Eqs.(8.22)  and 
(8,23)  are  related,  the  coefficients  D  and  H,  that  appear  in  the 
modalfUnotions  given  above,  are  connected  through  any  one  of  the 
Eqs . (6.20)  to  (0.3l)  or  (8.3S)  to  (8.3B). 

8.6.3.  BEAM  FIXED  AT  0H3  EHD  AND  SIMPLY  SUPPORTED  AT  THE  OTHER! 

With  the  end  Z  =  0,  taken  as  clamped  end,  and  with  the 
end  Z  -  1  aa  the  simply  supported  end,  the  boundary  conditions 
are : 


0  =  y*>  0  at  z  =  Q 


and 


0  *  y  =  0 


at  Z  =  1 


The  frequency  equation  obtained  from  applying  the  above 
boundary  condition  to  the  general  solutions,  Eqs.(8.22)  and  (8.2’ 
for  the  first  oat  (  A  <  A  )  is  given  by: 


(8.65 


tanh  a3-  tan  Pg  ■  0 


The  modal  functions  for  the  first  set  are  given  by: 

0  =  D(0ogh  cCgZ-ooth  (ig  ginh  OgZ  -  cog  PgZ+cot  Pg  sin  PgZ)  (8.67/ 


1 
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■  Jt  •'  J 


whera 


-  (Sta.tTih  rr3+  W|n  H  ) 
(1/6^)  oosh  a3+  cos  pg 


.  ■  mim 

■  .  i  X 

(8.69) 


modal  functions  for  the  second  set  are: 

0  =  D(co8  «3Z  -  cot  sin  B*S  -  cos  ^2  +  cot  flin  PgZ)  (8.70) 


’  ^  "  H(C0S  “3Z  “  ~  “ft  -  cos  P3Z  +^3  sin  P32) 

2  2 

where 


(8.71) 


*1 


%  sln  «3  "  sln  P5 


~'fe— - - -^-  V 

fl/9g)  cos  ag+  cos  P3 


(8.72) 


8-6-4-  aNTrmiffiH  m  m  png,  m  FRRK  „  „„  ggg-, 


For  a  cantilever  beam  built  In  rigidly  at  the  end  z  -  0 
so  that  warping  Is  completely  prevented,  and  with  a  free  end  at 
2=1,  the  boundary  conditions  are: 


0  a  ^  -  0 


at 


and 


_  t 


-  0,  1  ]  *  -  (2Vh)^  =  0  at  Z  .  1. 


Bie  frequency  equation  for  the  first  set,  In  this  ease, 
can  be  obtained  as: 


2  + 


(1+0?) 


“1'  (1-  <5?) 

"7 - -  ooah  cu  cob  ft, - ~L_ 

9  03* 


sinh  a3  sm  P3  =  0  (8.73) 
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i 

Tils  frequency  equation  for  tills  000 ond  set  is  given  by- 


U+  9«) 


(1+  «5) 


g  +  . .  — S—  00  s  a,  cob  ft,  - - A~m  8^n  ®*  sin  P3  a  ®  (8*74) 


The  modal  functions  lor  the  first  aet  are: 

_  *  * 

0  =  D(Cosh  a3Z  -  flinh  a3Z  "  009  P3Z+<>U  sln  P3Z^  (8*76) 


■* 

«  H(cosh  ag3+  - — sin  h  agZ  —  cos  PgZ  +Ai  sin  PgZ) 
6191 


where 


A 


*  (l/^)  sinh  a3~  sin  Pg 

4  f^cosh  a3  +  cos  ftj 

#  (6^  sinh  «3+  sin  Pg) 

4  (l/f^Jaosh  a3+  oos  Pg 


(8.76) 


(8.77) 


(8.78) 


The  modal  functions  for  the  second  set  are! 

—  i  w  »  * 

0  =  D(oos  agZ+  6s0s^b  sin  a3z  -  008  %Z+!:^6  ein  P3Z^ 

w 

n  '  *' 

y>  =  H(cos  agZ  -  sin  a3Z  -  cos  PgZ  -Ag  sin  Pgz) 

where 


Vb 


1 


A 


(l/fig)  sin  ag  -  ein  Pg 

0g  COS  ag  +  cos  P3 


5g  sin  d3  -  sin  Pg 


5  (l/0g)cos  ag+  cos  Pg 


(8.79) 

(8.80) 


(8.81 ) 

(8.82) 
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8*6-E.  CAjraiLEVER_BBAAi  WITH  ORE  END  SUPPLY  SUPPORTED  AMD  FREE  AT 
THE  QTITCB  ; 

For  a  cantilever  beam  simply  supported  at  the  end.  Z  =  0 
and  free  at  Z  «  1,  the  boundary  conditions  are: 


0=^=0  at  3=0, 


and 


^  i 


__  f 


y  »  0,  Lb2(K2-a2)  +  1  ]  0  -  (21A)^>  =  0  at  2=1. 

Ihe  frequency  equation  for  the  first  set,  in  this  case 


becomes : 


•61  tanh  \  tan  ft,  =  0  (8.63) 

The  frequency  equation  for  the  second  sat  is  given  by: 

5„  tan  a'  +  0  tan  P_  =  0 


B  “3  r  “2  ^3 

The  modal  functions  for  the  first  set  are: 

3  6i  oos  P- 

0  »  — =■ - -■?.  sinh  a_Z  +  sin  ft_z 

cosh  a3  "  5 


(8.84) 


sin  ft 


3 


5^  sinh  ag 


cosh  a^Z  +  cos  PgZ 


(0.85) 


(8.86) 


The  modal  functions  for  the  second  set  can  be  obtained. as: 


-  fi„cos  P~ 

0  “  “  -Z - 7 

COS  O- 


Sin  a3Z  +  sin  pgZ 


_  sin  P3  ,  _ 

=  -  - — - - —  COg  a  2  +  00a  p  £ 

5gSin  a3  3  3 


(8.87) 


(8.88) 
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6,e'6-  MLKiSHJHEEB®a.‘ 


lomMa  *  1:118  0888  °f  *  be“  —  i.  ft..  at  toth 
boundary  oonditionQ  are: 


ends  t  the 


_  i 


ana 


*  ■°’  [*A*'>*>2>'-<«»>y.  o.t2.0. 


V  ■  o.  [  .a<^>+  t  J  f.  (gLM- 

ly™*  8’U*tl<,n  f°r  «*•  first  set,  ta  this 

fe®-68) 


be  obtained  as : 


cage  c« 


8-S  oosh  a  ooe  p  + -  . 

3  61  61  °lnh  03  Sin  P3  "  0 


The 


frequency  equation  for  the 


(ef+fif) 


2-2  cos  eoe  p3  +  l^g 

'f  es 


e„  ain  a3  sin  P3  =  0 


(8.89) 

Becona  get  i8  giVen  by. 

(8.90) 


The  modal  functions  for  the 


firet  set  oa»  be  obtained  ae: 

=  Dfoosh  ql„z  +V  6  .i-t,  „  -  .  „  h 

3  U  V11*  ^Z+fl/fl^os  p3z+^i 


6  s±n  P3Z)  (8.91) 


?/J  *  H(oosh  o^Z  _  Jr  5 
6 


3" - -  sin>i  a,Z  +  6 


where 


i  3  1008  V  +  (l^;)BinP3z)C8.92) 


H  =  C0Sh  gB-  COB  ftr 
6  \3inh  a3-  8lSin  ^ 


(0.93) 
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the  »odol  ItartiOM  t„  89<1<)na  „t  ,N  glTOn  bjp; 

V  "  1(008  “i*  -  V'e81"  «3S-Kl/8s)oo»  P,Z^A’»in  ft,Z>  (8.84) 

^  tooo  «r3Z  -  (/  6/6s)oln  0,2+  SjOoe  03Z+(l/^s)  ala  P3z)(8.9s) 
where 


6 


cos  «3  -  008  ft, 

«2  a  In  a3+  egSjLn  a 


(8.96) 


8w7‘  AjPSRQyiMA 3QLIT?IQMS  BY  GALERKIiJ 1 3  TOriT-njTriim. 


Except  for  the  simply  supported  beam,  the  frequency  equa- 
tlona  for  other . boundary  conditions  derived  in  the  section  (8.6) 
can  be  observed  to  be  highly  transcendental  and  are  solved  on  a 
digital  computer  only  by  lengthy  trial -and-error  method.  An  at¬ 
tempt  has  been  made  in  this  section  to  derive  approximate  expree- 
along  for  the  torsional  frequency  and  Dueling  loads  of  fixed- 
fixed  beam  and  of  a  beam  fixed  at  one  end  and  simply  supported  al 
the  other,  utilizing  the  Galerkin's  technique. 

8>7*1*  FIXED-FIXES  BE /1M ; 

To  satisfy  the  boundary  condition  in  this  0aae,  the  nor¬ 
mal  function  of  angle  of  twist  0  can  be  assumed  in  the  form 


VO 

&  “  ^  Bn(l-  008  33  nnz) 


n-l 


(S.97) 


Substituting  Eq. (8.97)  in  the  differential  Equation 
(8.20)  and  using  the  Galerkin'a  technique,  expression  for  the 


.1,  i 


24U 


frequency  parameter  X2,  In  this  can  toe  obtained  as: 

3  X4s2a2-  A2 1  3+4nV[  a2+  a2+  82d2(K?- A2)  ]+  12  B2d2^£|’ 

+  |'l6  n4n4[  S2(K2-  £>S)  +  lj+  4n2*2(K2- A2)+  4$ 2(3+4n2«282)j* 


(8.98 


Bq_i{a,08)  giyoa  two  r«a!  pouitive  roota  given  by 


A 


ma 


J^-Mn2*2  £s2+d2+s2d2 (K2-  «^2 )J  +  12s2d2Y  2J 

-l)  3+4n2i^[s2+d2+s2d2(K2- A2)]+  12a2d2'V)2j' 


-  12s2d£-f  16n4n4|s2(K2- A2)+  l|+  (K2- A2 ) 

^  ?  11/2? 

+  4  f  2(3+4nSJ^s2)Y 


(8.99) 


For  a  beam  not  vibrating,  ie.,  X=  O,  the  expression  ft 
the  buckling  load  can  be  obtained  from  Eq.(8.98)  aa 


a  ;  -  k2  + 


4«4+  ^(g-Hi^a2) 

n2(l+  4x2e2) 


(8.i: 


If  the  effect  of  shear  deformation  is  neglected,  le. , 
s2=  0,  Eq. (8.100)  reduces  to: 


A  or  a  4  it2+  E?+  (3 /w2)V2 


(s.i: 


which  Is  same  as  Eq.(2.74)  obtained  toy  utilizing  Timoshenko  tor¬ 
sion  theory. 
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If  the  effects  of  longitudinal  inertia  and  shear  da- 
formation  are  neglected,  ie. ,  s2“  d2=  0,  Eq.(8.98)  yields: 

il/2 


A  “  2  [(n^n^/S)  (4  n2n2+  K2-^8)  +  ^  SJ" 

which  is  same  as  Eq,(2.73), 


(8.102) 


8*7-2*  -BEAM  FIXED  AT  owl  BUD  am  SBIPLI  SUfgMj)  AT  THE  QIHEK: 

fo  satisfy  the  "boundary  conditions  in  this  case,  the  nor¬ 
mal  function  of  angle  of  twist  0  can  be  taken  as : 


2  Dn(c°s  Z  -  cos  3) 


n=l 


(8.103) 


Substituting  Eq. (8.103)  in  the  differential  Equation 
(8,20)  and  using  the  Galerkin's  technique,  the  expression  for 
the  Brequenoy  parameter  A2,  in  this  case  con  be  obtained  as: 

16  AVd2-  A2  «  16-H30  n2if3[  s2+d2+sSdS(S2-AS)j+  64  g2dEV  2| 

+  »  41  n4it4[s2(xa-A£)+  1  |+  20  n2n2(KS-A2)+  16  V2(4+5  n^s2)^- 


(8.104) 


From  Eq, (3.104)  we  have 


A 


mn 


16  1'^aSf  ^6+2Cto'^1':^  jjs2+d2+82d2  (K2- A2 )]  +64  s^V  2 
+  (-1)  t|^16+20n2're2^e2+d2f-a2d2(K2- A2)J  +64  s2d2V2J 

-  64  e2d2|  41n4k4[s2(K2-A2)  +  l  j+  20  n27i2(K2-A  2) 

o  1  ^1/2 

+  16  "V  2 (4+  5  xiZt£b2)Y 


(8.106) 


Top  a  team  not  Titrating,  =  0,  and  the  expres¬ 

sion  for  the  Welding  load  can  be  obtained  from  Eq. (8.104)  as: 


(8.106) 


If  the  effect  of  shear  deformation  is  neglected,  ie., 
s®"  0,  Eq. (8.106)  reduces  to: 


(8.10?) 


which  is  same  as  Eq.(2.77)  derived  by  utilizing  Timoshenko  tor¬ 
sion  theory. 


If  the  effects  of  longitudinal  inertia  and  shoar  defor¬ 


mation  are  negleoted,  ie.,  b2~  d2»  0,  Eq. (8.104)  yields: 


X  “  [  1.25  a2*2 (2. 06  n2n2+  K8— ^ 2 )  +  4i)2j1^2  (8.108) 


whioh  Is  same  as  Eq.(g.76). 
e. a.  LIMIT IM}  COUP  IT  101(3 : 

The  limiting  conditions  at  which  the  combined  influence 
of  the  axial  compressive  load  and  elastic  foundation  on  the  tor¬ 
sional  frequency  becomes  zero,  for  some  cases  are  as  follows: 

(i)  Simply-Supported  Beam; 

Iron  Eq, (©,44)  wo  get  two  limiting  oondltlono  in  this 
oneo.  They  are: 


(a)  sd  i  »  0.5 
(t)  V  -  0.5  naA 


(8.109) 

(8.110) 
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(2)  F 1  jcq d-F iy;e ct  B flgtm  :  From  Eq*(8.98)  the  IteltinE  conditions 
in  this  case  are: 


(a)  T3  ad  V  = 
(h )  V  =  htt  a 


mi  a 

2  2  2 

iilJOCa_ 

.3+4  n2Tt2s2  J 


(8.111) 

(8.118) 


(3)  Beam  fixed  at  one  end  and  Simply  auuxiorted  at  the  other; 


From  Eq. (8.104)  the  limiting  conditions  in  this  case  aret 


(a) 

(b) 


4  sd  \»  -  Y  5  nic  d 
S’  a  0.559  nit 6 


,1/8 


1+S.05  ngngHg 

1+1,25  nW 


(8.113) 

(8.114) 


If,ithe  effect  of  shear  deformation  is  neglected  9  ie., 
sS“  0,  Eqs. (8.112)  and  (8.114)  reduces  to  Eqs.(2.79)  and  (2.80) 


derived  previously. 


For  the  above  relations  in  various  cases  "between  V  and  & 
.there  will  be  no  influence  of  axial  load  and  elastic  founda¬ 
tion  on  the  torsional  frequency  of  vibration.  This  can  be 
observed  to  be  due  to  the  opposite  nature  of  their  individual 
effects  and  these  individual  effects  get  nullified  at  these 
limiting  conditions  for  various  cases. 
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8.9.  RESULTS  AM?  C0NCLPSI0H5 ; 

In  this  aeotion,  the  results  obtained  on  IEM  1130  Computer 
are  presented  in  Tables  8.1  to  8.16  to^show  the  effects  of  vari¬ 
ous  non— dimensional  parameters  on  the  buckling  loads  and  torsional 
frequencies  of  simply  supported,  clamped-olamped  and  clemped- 
s imply  supported  beams  resting  on  elastic  foundation.  Extensive 
design  data  £*  made  available  in  these  tables.  The  main  inte¬ 
rest  is  to  find  the  influences  of  shear  deformation  and  longltu* 
diual  inertia  on  the  frequencies  of  vibration  of  a  short  thin- 
walled  beam  resting  on  sonbinuous  olastlo  foundation  and  subjeo- 
tad  to  an  axial  compressive  load. 

The  values  of  the  torsional  buckling  load  A  efor  the  three 
boundary  conditions  are  given  in  Table  8.1  for  various  values  of 
the  warping  parameter  K  and  shear  parameter  s.  It  is  well  known 
that  the  effect  of  increase  in  the  value  of  K  is  to  increase  the 
buckling  load  considerably.  Prom  Table  8.1,  we  observe  that  for 
any  oonstant  value  of  K,  the  effect  of  increase  in  the  value  of 
a  is  to  decrease  the  torsional  buokling  load,  and  that  this  re¬ 
duction  becomes  significant  for  values  of  E  <  1.  Also,  the  ef¬ 
fect  of  shear  deformation  in  reducing  the  buokling  load  is  com- 
paritively  considerable  in  damped-clamped  beams  than  in  other 
cases. 

The  results  showing  the  combined  effects  of  axial  compres¬ 
sive  load,  longitudinal  inertia  and  shear  deformation  on  the  firs': 
four  torsional  frequencies  (first  set)  are  given  in  Tables  8.2, 

8.6  and  8.10,  for  values  of  K  =  0.01  and  s  =  2d.  The  percentage 


Effects__ojE^  shear  deformation  and  elaatio  foundation  on  the  torsional  ljuakliiig-  loads  of  alupl? 
_3Upporteci,  clanped-claripefl  and  clrjnped-s Imply  gup-ported  thin-walled  beaias  of  otien  section. 


TABLE-8. 2 

Effects  of  axial  compressive  load  longitudinal  inertia  and  shear  deformation  on  the  first  four 
torsicnal  frequencies  (first  set)  of  ginnlv  supported  thin-welled  cearsa  (9=  0.  K=0.01  and  s=2ct). 
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set)  of  simply  supported  short  tMn-wallefl  beams  (KM), 01,  g=2d). 
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supported  short  thin-walled  beanie  ( K=Q >01,  s=Sd)* 
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Effect?  of  axial  compressive  load,  longitudinal  inertia  and  shear  deformation  on  the  first  four  tor¬ 
sional  frequencies — (flrgt  get)  of  clamped-simnly  supported  thin-walled  bf-mnq  =  Q,  K=C.Q1,  a=Sd ). 
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TABLE-  8.10 

Effects  of  axial  compressive  load,  longitudinal  Inertia  and  ahear  deformation  on  the  firat  four 
torsional  frequencies  (first  set)  of  clamped-claniped  short  thin-walled  beams  (V=  0.  KO.Ol,  g=2d). 
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reductions  in  the  torsional  frequencies  due  to  increase  in  the 
axial  compressive  load  can  be  observed  from  these  tables  to  be 
slightly  higher  than  those  when  the  effects  are  neglected. 

She  combined  effect  of  elastic  foundation,  longitudinal 
Inertia  and  shear  deformation  on  the  first  four  torsional  fre¬ 
quencies  (first  set)  are  shown  in  Tables  8.3,  8.7  ana  8.11  for 
values  Of  K  =  0.01  ana  6  =  2d.  Prom  these  results  it  can  be 
noted  that  the  percentage  increase  in  the  torsional  frequencies 
due  to  elastic  foundation  is  slightly  more  than  tho3e  when  the 
second  order  effects  are  neglected.  The  results  presented  in 
Tables  8.4,  8.5,  8.8,  8.9,  8.12  and  8,13  show  the  combined  ef¬ 
fects  of  axial  compressive  load  and  elastic  foundation  in  combi¬ 
nation  with  the  effects  of  longitudinal  inertia  and  shear  defor¬ 
mation  on  the  first  and  second,  third  and  fourth  torsional  fre¬ 
quencies  (first  set)  of  simply  supported,  olamped-olampod  and 
clamped-simply  supported  beams  respectively.  It  can  be  obser¬ 
ved  from  these  tables  that  the  combined  effects  are  almost  the 
algebroio  sum  of  the  individual  influences  of  various  affects 
on  the  torsional  frequencies  of  vibration.  The  results  for  the 
modifying  quotients  for  the  first  four  modes  of  vibration  for 
simply  supported,  elamped—clamped ,  and  clamped-simply  supported 
beams  are  respectively  presented  in  Tables  8.14,  8.15  and  3,16 
for  values  of  s  =  0.10,  d  =  0.05  and  for  various  values  of  A 
V  and  K.  Prom  these  results  we  observe  that  for  any  set  of 
values  of  K  and  j  ,  the  influence  of  increase  in  the  values  of 
A  in  the  range  0.0  to  3.0  is  to  decrease  the  modifying  quotients 
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f 


(i.s.,  to  Increase  the  second  order  effects  on  the  frequencies 
of  vibration)  for  various  modes  by  about  £5  percent.  For  any 
constant  set  of  values  of  A  and  K,  the  effect  of  increase. in 
the  values  of  In  the  rang©  0  to  18  is  to  increase  the  modify- 
ing  quotients  (i.e*,  to  decrease  the  second  order  effects  on 
the  frequencies  of  vibration)  for  various  modes  at  the  most  by 
15  percent.  For  constant  values  of  A  and  $  f  the  effect  of  in¬ 
creasing  the  value  of  K  from  1.0  to  10,0  is  to  increase  the 
modifying  quotients  for  various  modes  by  about  10  percent* 

It  is  also  observed  that,  for  constant  values  of  K  and  V  * 
the  reduction  in  the  frequency  of  vibration  at  the  first  mode 
is  quite  considerable  for  values  of  A  nearing  &  0T*  From  the 
various  results  presented  in  this  section,  we  can  conclude  that 
the  effects  of  shear  deformation  and  longitudinal  inertia  on 
the  torsional  frequencies  at  higher  modes  become  increasingly 
important  for  a  beam  with  smaller  values  of  warping  parameter  K 
and  foundation  parameter  ^  and  for  larger  values  of  A  <  A  * 
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OlIAffTSiN  -  IX 

EJNITE  miEhM3Nl _AHAIjY3I3  OP  TORSIONAL  VIBRATIONS  AND  STABILITY 

Off  SHORT  Til  IN -WALLED  BEAUS  RESTING  PIT  PONT MU QUS  ELASTIC  POUK- 
D  AT  ION* 


9-1.  INTRODUCTION; 

The  problem  of  torsional  vibrations  and  stability  of 
lengthy  thin -walled  beams  of  open  section  resting  on  Winkler- 
type  elastic  foundation  is  solved  in  Chapter  III  utilizing  finite- 
element  method.  The  stiffness,  stability  and  mass  matrices 
derived  therein,  does  not  include  the  second  order  effects  such 
as  longitudinal  inertia  and  shear  deformation.  These  second  or¬ 
der  effects  cannot  be  neglected  in  the  case  of  short  and  deep 
thrn-walled  beams  and,  as  is  shown  in  Chapter  IV,  they  drasti¬ 
cally  change  the  torsional  frequencies  at  higher  modes  of  vib¬ 
ration. 


The  present  chapter,  therefore,  aims  at  extending  the 
finite  element  method  presented  in  Chapter  III  to  include  the 
effects  of  longitudinal  inertia  and  slienr  deformation.  New 
stiffness,  stability  coefficient  and  mass  matrices  for  a  short' 
or  deep  thin-walled  beam  are  developed  in  this  Chapter,  which 
include  the  effects  of  longitudinal  inertia  and  shear  deforma¬ 
tion  in  addition  to  the  effects  of  axial  time -invariant  comprea 
elve  load  and  elastic  foundation.  The  method  developed  herein 


author  based  on  the  results  from  this  Chapter 
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is  useful  in  analysing  both  uniform  and  non-uniform  beams  with 
any  complex  boundary  conditions.  The  new  stiffness  and  amiabi¬ 
lity  coefficient  matrices  are  made  use  of  in  conjunction  with 
the  consistent  mass  matrix  for  finding  the  torsional  frequen¬ 
cies,  buckling  loads  and  mode  shapes  of  short  uniform  thin-walled 
beams  with  various  end  conditions.  Results  obtained  for  the  case 
a  simply  supported  beam  by  the  finite  element  method  are  com¬ 
pared  with  the  exact  ones  obtained  in  Chapter  VIII  and  an  excel¬ 
lent  agreement  is  observed  even  for  a  coarse  sub-division  of  the 
beam* 


9 -S*  IjQPlVlSS  STRAIN  ENERGY  .EXPRESS  ION  IHOLITOIHO  TITO  CTTEdTS  OF 
AXIAL  LOAD  AJJD  ELASTIC  FQjTHLATION: 

Substituting  Eq*(5*l)  into  Eq.(8,l)t  the  strain  energy 

U4’  due  t0  tke  Winkler-type  elastic  foundation  can  be  written  in 
a  modified  form  as: 


I  {VPt+ 


ds 


(9.1) 


Utilizing  Eqs-(5.14)  and  (9.1 ),  the  total  strain  energy 
u  at  any  instant  t  including  the  effect  of  YY inkier-type  elastic 
foundation  can  be  written  in  a  modified  form  as: 


D  ■  V  V  V  u4 


1  L 
=  1  f 
p  J 


d0  d0  2  9S0 

SO  (—*  +  — fi)  +  EC  (-ifef 
3  0z  a*  2 


*  i,  2  00  2 

+  K  AjOjj  (— H)  + 


dz 
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Substituting  Bq.(e.l)  into  Bq.(8.3)  the  potential  energy, 
W,  due  to  the  time-invariant  axial  compressive  load  P  can  he  wri¬ 
tten  in  a  modified  form  as: 


which  is  same  as  Sq.(6.15), 

9-3.  MODIFIED  MURAL  BOUHDABY  CONDITIONS ; 

Except  for  the  case  of  a  free  end,  the  "boundary  condi¬ 
tions  for  simply  supported  and  fixed  ends  remain  the  same  as 
those  given  by  Eqs.(6.1S)  and  (5.17). 

For  the  oase  of  a  '‘free  end'*,  the  modified  natural 
boundary  conditions  for  the  present  problem  become: 


9’4,  PJ^VAIION  OF  EJJ3MSHT  MATRICES  IHULUSING  AXIAI  IPAD,  ELASTIC 
FOUND AT  ION  AND  S3 0 01  ED  ORDER  EFFECTS  : 

The  expressions  for  the  strain  energy  I,  potential  energy 
W  and,  Kinetic  energy  TK)given  by  Bq8.(9.S),  (9.3)  and  (9.4)  res¬ 
pectively,  for  an  element  of  length,  1,  can  be  written  as  follows: 
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4  0 


Saa(i*t+02+ 

+ *v  &s<o8+ w  *.> 


.2 
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2  {  T2  K+  dz 


ana 


1  -L 

T,  a  «■  f 

K  2  J 


%<*♦♦*,>  +  ?W 


'  s  1 


dz 


(9.8) 


(9.7) 


(9.8) 


Direct  substitution  of  Eqs. (5.24)- to  (5.36)  into  Eqa.(9.fi), 
(9.7)  and  (9.8)  and  the  resulting  expressions  into  Hamilton's  pri¬ 
nciple,  Sq.(3.34),  yields  (for  the  Nth  element): 
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(9.9)  ' 


Eq.(9.9)  can  "be  written  more  concisely  as  follows: 

(  P  ^p1 )  5^  "n  5n  -  (Eayi? )  5^  \  q 

"  N 

■p/JLn;  sH  q  I  dt  a  0 


%  - s  {8  i 

tl 


(9.10) 


In  Eq.  (9.10)  the  terms  (  pIpL)  iff  ,  (EC/L3)^  and  (PI/Al)^ 
dsnote  respectively  the  mass  matrix  Bg,  the  stiffness  matrix 
^N  and  stability  coefficient  matrix  sH  of  the  Nth  element.  The 
matrices  ra^  and  qj^  obtained  herein  are  the  eaae^Eqg .  (5.41 )  and 
(5.43)  respectively.  The  matrices  T%  and  iN  aro  aa  follows: 
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9.5.  RESULTS  AJJX?  COIfCLTISTQT.q  ■ 

R@2i^8  f°r  th8  flrSt  eeGOnd  sets  of  TOlues  of  X  2  fop 
variousAof  the  axial  load  parameter  A  and  foundation  parameter^ 
for  simply  supported  beams  for  -values  of  X  -  1.541,  s  =  0.046 
find  d  «  0.023,  are  obtained  on  IBM  1130  Computer  at  Andhra  Uni¬ 
versity,  Waltair  and  are  presented  in  Tables  9.1  and  9.2. 

In  the  case  of  the  first  set  of  frequencies,  the  values  of 
A  obtained  for  the  first  four  modes  of  vibration,  for  various 
values  of  "j?  and  A  ,  for  a  division  of  the  beam  into  If  =  2  and  3 
segments  are  shown  in  Table  9.1  and  are  compared  with  the  exact 
results  obtained  using  the  analysis  presented  in  Chapter  Till. 

For,  the  second  set,  the  values  of  X  obtained  for  the  first  four 
modes  of  vibration  for  If  =  2  and  3  are  shorn  in  Table  9.2  and 
are  compared  with  exact  results.  The  exact  results  for  the 
first  and  seoond  sets  were  obtained  using  Eq.(8.45), 

Prom  Tables  9.1  and  9.2,  it  can  be  observed  that,  for  all 
cases,  the  results  obtained  by  finite  element  method  even  for 
very  coarse  subdivisions  of  the  besun,  are  in  excellent  agreement 

he  exact  ones.  As  stiffness  and  mass  matrices  including 
sliear  deformation  and  longitudinal  inertia  in  addition  to  axial 
load  and  elastic  foundation,  involve  double  the  number  of  deg¬ 
rees  of  freedom  than  those  that  exist  if  the  secondary  effects  ** 
negled^twice  as  many  natural  frequencies  result.  In  tables 
9.1  and  9.2  the  lower  and  higher  spectrum  of  frequencies  of  simply 
supported  beam  are  respectively  listed.  The  second  set  of  frequen¬ 
cies  can  also  be  observed  to  be  in  excellent  agreement  with  the 
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exact  ones.  In  Chapters  IV  and  VIII  these  second  get  of  fre¬ 
quencies  are  discussed  in  detail. 

As  £s  mentioned  previously,  results  for  other  boundary  con¬ 
ditio  ns  can  he  easily  obtained  using  the  above  stiffness  and 
mass  matrices  with  suitable  change?©  in  the  Computer  program  and 
the  data.  The  advantage  of  using  the  finite  element  method  is 
that  a  beam  with  non-uniform  section  can  also  be  analysed  by 
deciding  the  beam  into  a  number  of  segments  and  assuming  each 
segment  has  a  constant  cross  section*  This  method  provides  us 
with  an  upper  bound  to  the  exact  frequencies  of  the  system  and 
is  quite  general,  satisfactorily  encompassing  all  boundary  con¬ 
ditions* 
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CHAPTER  -  X 

NON-LINEAR  TORSIONAL  STABILITY  OF  LEI'RtTIIY  THPT-W AT.T.Tivn 
OF  OPEN  SECS  ION  REST  IMS  PIT  CONTINUOUS  ELASTIC  FOUNT)  AT  I  ONI 

lo.l.  INIHCTDUaTIOHi 

It  ig  not  uncommon,  in  structural  design,  to  regard  the  1 
elastic  buckling  load  of  a  slender  structural  member  as  its  failure 
load,  and  to  pay  little  attention  to  its  post-buckling  behaviour. 
However,  some  structural  members,  such  as  simply  supported  thin 
plates  loaded  in  compression,  can  support  loads  significantly  grea- 
t  fchkui  their  elastic  critical  loads  without  deflecting  excessively 
This  reserve  of  strength  after  buckling  is  due  mainly  to  a  redis¬ 
tribution  of  stress  from  the  more  flexible  central  area  of  the 
plate  to  the  unloaded-edge  regions  (  /3.  ).  On  the  other  hand,  the 
load  carrying  capacity  of  some  thin  shell  structures  reduces  rapidly 
after  buckling.  Such  a  structure  is  extremely  sensitive  to  imper¬ 
fections  end  disturbances,  and  may  deform  excessively  at  loads' 
much  le3g  than  its  elastic  critical  load  C  **").  Clearly,  the 
post  buckling  behaviour  of  a  structural  member  may  have  a  decisive 

influence  on  the  relation  between  its  buckling  and  ultimate  stren¬ 
gths  . 

The  classical  linear  buckling  theories  (  °1  °,)  for  elas¬ 
tic  beams  and  columns  necessarily  predict  buckling  at  loads  that 
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4 ,  remain  constant  as  the  budding  amplitudes  increase.  Euler  { 

first  investigated  the  elastic  flexural  post-buckling  behaviour  of 
columns  in  1744,  by  using  the  exact  expression  for  curvature  in¬ 
stead  of  the  familiar  small  deflection  approximation.  This  'resul¬ 
ted  in  a  post-buckling  curve  that  rises  so  slowly  that  there  is  no 
significant  increase  in  the  load -carrying  capacity  until  the  defor¬ 
mations  become  gross • 

Ine  non-linear  behaviour  of  members  in  uniform  torsion  was 
*  first  investigated  by  Young  (/oi)  who  considered  circular  cross 

sections.  A  related  problem,  the  torsional  stiffness  of  narrow 
rectangular  sections  under  uniform  axial  tension,  was  examined  by 
Buckley  (  J  4-  )  and  Weber  C  1  investigated  the  non-linear  beha¬ 
viour  of  narrow  rectangular  strips  in  pure  torsion.  Later,  Culli- 
more  (<2-1  )  studied  the  behaviour  of  thin-walled  I  and  Z  sections, 
Weber  and  Cullimore  showed  that  the  torsional  stiffness  increases 
with  the  twist,  and  that  this  is  due  to  a  system  of  stresses  act¬ 
ing  along  the  helical  fibres  of  the  twisted  member.  The  stress 
system  is  self  equilibrating  so  that  the  outer  fibres  are  in  ten¬ 
sion  and  the  fibres  closer  to  the  twist  axio  aro  in  compmooaion. 

Although  Cullimore  correctly  derived  the  result  for  nar¬ 
row  rectangular  members  his  expression  for  the  non-linear  torque 
component  for  I  and  Z  sections  is  in  doubt,  because  he  used  a 
constant  lever  arm,  to  obtain  the  torquo  contributed  by  the  flange, 
instead  of  a  variable  lever  ana,  which  is  the  distance  from  the 
twist  axis  to  any  point  on  the  flange.  Furthermore,  hie  assump¬ 
tion  of  very  thin  walls  leads  to  some  inaccuracies  when  applied 
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to  tlis  I  tind  2  sections  in  connon  use.  A  more  accurate  theory  of 
non-linear  non-uniform  torsion  of  thin-walled  beams  of  open  section 
is  presented  by  Tso  and  Ghobarah  (  using  the  principle  of  mini 

mum  potential  energy.  Their  theory  takes  into  account  the  effect 
of  large  torsional  deformation  and  allows  very  general  loading  and 
boundary  conditions. 

It  can  be  seen  that  there  is  a  surprising  paucity  of  work 
on  the  olantio  torsional  post-bunkling  behaviour  of  doubly  symme¬ 
tric  bcnma,  in  comparison  with  the  extensive  work  on  other  struc¬ 
tures  (  4S  ),  in  particular,  the  behaviour  of  simply-supported  and 
clamped  beams  and  of  I-section  members  resting  on  dsontinuous  elas¬ 
tic  foundation  has  not  been  investigated.  The  purpose  of  the  pre¬ 
sent  Chapter,  then,  is  to  study  theoretically  the  elastical  tor¬ 
sional  post-buckling  behaviour  of  statically  determinate  beams  of 
I-section  resting  on  continuous  Winkler  type  elastic  foundation. 

10U2*  DEVELOPMENT  OF  SO  VERMINS  DIFFERENTIAL  EQUATION  AID  BOUNDARY 

corn  moire : 

Consider  a  thin-walled  beam  of  doubly -symmetric  open  cross 
section  subject  to  axial  compressive  load.  The  relationship  bet¬ 
ween  the  total  torque  Tt  and  the  corresponding  angle  of  twist  0  in 
pure  elastic  torsion  of  a  uniform  thin-walled  beam  is  given  by 
Saint-Tenant  aai 


In  the  case  of  non-uniform  torsion,  Eq.(lO.l)  i3  extended  to  allow 
for  the  warping  of  the  cross-sections  of  the  beam;  and 
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(10.2) 


The  above  Eq.(l0,2)  gives  reasonable  results  for  angles  of  twist 
^  approximately  no  greater  than  5°. 

Experimental  results  obtained  by  Goodier  (  38-)  from  tests 
have  shown  good  qualitative*  but  poor  quantitative*  agreement  with 
the  theoretical  conclusions  from  Eq.(iCh2),  If  one  examines  the 
work  of  Weber  (  Gregox*y  (  *4  ^  ),  Terrington  (  ^ T)  and  Tso 

and  Ghobarali  (/os),  it  can  be  seen  that  Eq*(iG.g)  is  not  complete 
insofar  as  there  is  a  further  torque  component  term  to  be  consi¬ 
dered.  This  term  is  due  to  the  'shortening  effect1  arising  from 
torsion,  described  by  Weber  (  ^oo)  and  allowed  for  by  Gregory  (42_) 

and*  Tso  and  Ghobarah  (/oO.  Allowing  for  this  component  of  tor- 

% 

qua,  Eq.(l0.2)T  becomes 


(10. S) 


where  Ms  a  constant  dependent  on  cross  sectional  properties  and 
is  defined  by 


2 


V  (IP0/A) 


p  = 


(10.4) 


in  which  I po  is  half  the  polar  moment  of  inertia  about  the  shear 
center  and  I^the  fourth  moment  of  inertia  about  the  shear  center. 

In  the  case  of  a  thin-walled  doubly  symmetric  I-beam  of 
flange  and  web  thicknesses  t^  and  t^  respectively;  height  between 
the  centerlines  of  the  flanges  h,  flange  width  b^and  flange  and 
web  thicknesses  being  assumed  as  small  compared  with  height  hT  i.e. 


i 
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tf  «  h,  and  tw  <<  h,  the  geometric  properties  in  Eq.(l0.4)  can 
be  evaluated  &3  follows  (/osT): 


and 


1 .  2^1  +  +  + 

*.  320  32  ^60  +  48 

*p0  =  Cl/24)  (h3V  2b|tf+  6^h2tf) 


(10.5) 


(10.6) 


Por  a  beam  resting  continuous  Winkler  type  elastic  foundation  and 
subjected  to  an  axial  compressive  load  P,  we  have 


dTt  PIo  ^ 

dT  a  T*  dz2  +  Kt  * 


(10.7) 


Substituting  Eq.(iO.s)  in  Eq.(l0.7)  the  governing  non-linear  dif- 
ferential  equation  can  be  obtained  as 


EC  -  6EP(^)S  _  (an  —&)  ^  +  *■  a  r>  f  A  \ 

w  ds4  biJ  W  s  tGbs-  -jKJ  — |  +  Kt  0  =  0  (10.8) 


lhe  boundary  conditions  associate  with  this  problem  are  as  follows: 
(a)  Simply  support afl  end; 

,  0  -  0 


% 


and 

(b)  Clamped  end ; 

0  a  0  and 

(c)  Free  end: 

=  c 

A  2  ^ 
-  d  z 

and 


^1  =  0 
dz2 


(10.9) 


ff  =  ° 


(10.10) 


■AfcwJj 


(lO.ll) 


2/U 


The  general  solution  of  Eq.(lO.s)  can  be  obtained  by  nu¬ 
merical  methods  using  computer  techniques.  However,  for  the  pur¬ 
pose  of  this  thesis,  approximate  solutions  are  obtained  for  simply 
supported  and  clamped  beams  using  Galerkin's  method- 

10.3.  SIMPLY  SUPPORTED  BEAM: 

f  ™  ’  ” 

For  a  beam  simply  supported  at  both  ends,  the  boundary 
conditlona  ©re: 

0  =  0  and  0"=  0  at  3  =  0  (10.12) 

and 

1 

t  0=0  and  0  3  0  at  Z  =  1  (10.13) 

where  primes  denote  differentiation  with  respect  to  the  dimension¬ 
less  length  Z  =  z/li. 

Eq.(lO.s)  can  be  written  in  non-dimensional  form  as: 

0  -66(0')  0''-  (K2-£>2)  j2f"+  4V20  «  0  (10.14) 

where 

^  =  F/Cw  (10.15) 

i 

To  solve  Eq. (10.14)  by  Galerkin's  method,  the  angle  of 
twist  0(a)  is  assumed  to  be  of  the  form 

0(3)  =  P*#Z)  (10.16) 

* 

where  (3  is  the  torsional  amplitude  andX  is  a  function  of  Z.  Since 
X  will  be  an  approximate  function  assumed  to  satisfy  tile  boundary 
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conditions ,  by  substituting  Eq. (10,16)  in  Eq. (io.i4) ,  0 


an  error 


G  will  be  obtained  ae : 


Sop 


^i,r-  6  ?*  lot'/t”-  (Ks-*,2)x"+l!)2x 


(10,17) 


S'or  minimizing  the  error  6,  the  Galerkin’s  Integral  (7^)  is 


/  e  X  az  =  0 


(10. 18) 


To  satisfy  the  boundary  conditions,  Eqs.dO.12)  and  (10.13), 


we  assume 


(z)  =  Sin  m  2 


(10.19) 


Substituting  Eqs.  (10.17)  and  (10.19)  into  Eq.do.18),  we 
obtain  the  egression  for  the  torsional  post-buckling  load  for  a 
simply  supported  beam  as : 


=  ir^o.  -rr2 

cr 


=  K2+  Tt2  +  4V2/n2  .+  (3/2)  ? 


(10.20) 


The 


corresponding  linear  torsional-buckling  load  is  given  by  (See 
(Eq.2.») 


^  or  =  k2  +  ^  + 


(10.21) 


Hence,  the  ratio  of  the  non-linear  buckling  load  to  linear 
buokling  load  is  given  by 


&  4  *  * 
—P  =  1  +  —i3/2)n4  &  l 

A  [m2(K2+  n2)+  4  >>2] 

or  j 


(10.22) 


In  the  absence  of  elastic  foundation,  i.e.,  9  '=  0,  EqdlO.22) 
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reduces  to 
*2 


A 


og 

2 


1  + 


3Jt 


2  %  f 


or 


2(l(2-m2) 


(10.23) 


GXjJUJPED  BEAM: 

ihe  boundary  conditions  for  a  beam  clamped  at  both  the 


ends  are 


and 


11 

o 

and  $'  =  o 

at  Z  =  0 

(10.24) 

0  =  0 

and  01  =  o 

at  2  =  l 

(10.25) 

lo  satisfy  the  above 

as : 

conditions  , 

the  function  0l(3)  can  be 

X.(z) 

=  f  (l-Oog  27CZ) 

(10.26) 

m 


Substituting  Eqs. (10.17)  and  (10.26)  into  Eq. (10.18)  we 

oltaln  ths  expression  for  the  toralonal  po.et-bucM.ing  load  for  a 

clajiped  beam  aa : 


A  cr  =  K2  +  4n2  +  3  $  +  6  TI2  ^  fp 


(10.27) 

Iha  0 °rre spend iftg  linear  toroioml  buckling  load  for  a 
clamped  beam  is  (See  Eq.2.74) 


^  or  =  kS  +  4ltS  +  3^  2 A2 


(10.28) 


■  i-A  ’ 

*  i: *  ? 


Hence,  the  ratio  of  the  non-linear  buckling  load  to  linear 
budding  load  ig  given  by 


tr-4 


i 
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A  if  2 

6ti  5  j) 


[n2(KS+4itS)+  3^] 


In  the  absence  of  elastic  foundation,  ie., 
reduces  to 


_  ^  or  „ 

N  „  1 

2 

K2+4n2 

or 

^  cr 

l  J 

9  = 


(10.29) 
0,  Eq. (10.29) 

(10.30) 
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